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We consider correlation functions for string theory on AdS^. We analyze their singu- 
larities and we provide a physical interpretation for them. We explain which worldsheet 
correlation functions have a sensible physical interpretation in terms of the boundary the- 
ory. We consider the operator product expansion of the four point function and we find 
that it factorizes only if a certain condition is obeyed. We explain that this is the correct 
physical result. We compute correlation functions involving spectral fiowed operators and 
we derive a constraint on the amount of winding violation. 
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1. Introduction 

This is the third instalment of our series of papers on the SL(2, R) WZW model and 
its relation to string theory in AdSs, three-dimensional anti-de Sitter space. In the first two 
papers, 050] , we have determined the structure of the Hilbert space of the WZW model, 
computed the spectrum of physical states of the string theory, and studied the one loop 
amplitude. In this paper, we will discuss the correlation functions of the model. 

The SL(2,R) WZW model has many important applications in string theory and 
related subjects. It has close connections to the Liouville theory of two-dimensional gravity 
(for a review, see for example, [§) and three-dimensional Einstein gravity [Q. It is used to 
describe string theory in two-dimensional black hole geometries J^. Its quotients are an 
important ingredient in understanding string theory in the background of Neveu-Schwarz 
5-branes 0, and they capture aspects of strings propagating near singularities of Calabi- 
Yau spaces One can also construct a black hole geometry in three dimensions 

by taking a quotient of the SL{2,R) group manifold |]T^. Moreover, sigma-models with 
non-compact target spaces such as SL{2, R) have various applications to condensed matter 
physics |T^. For these reasons, the model has been studied extensively for more than a 
decade.0 Recently the model has becomes particularly important in connection with the 
AdS/CFT correspondence fl^,^ since it describes the worldsheet of a string propagating 
in AdS'i with a background NS-NS S-field. According to the correspondence. Type IIB 
superstring theory on AdS^, x x M4 is dual to the supersymmetric non-linear sigma 
model in two dimensions whose target space is the moduli space of Yang-Mills instantons 
on M4 ||13|| ||14|| . Here M4 is a four-dimensional Ricci fiat Kahler manifold, which can be 
either a torus T'^ or a K3 surface. So far this has been the only case where we have been 
able to explore the correspondence beyond the supergravity approximation with complete 
control over the worldsheet theory. 

Besides the AdS /CFT correspondence, understanding string theory in AdSs is inter- 
esting since AdSs is the simplest example of a curved spacetime where the metric compo- 
nent goo is non-trivial. Using this model, one can discuss various questions which involve 
the concept of time in string theory. This will give us important lessons on how to deal 
with string theory in geometries which involve time in more complicated ways. In this 
connection, there had been a long standing puzzle, first raised in [|T5| , p!6[] , about whether 
the no-ghost theorem holds for string in AdS^. The proof of no-ghost theorem in this 



^ For a list of historical references see the bibliography in [lit] . 
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case is more involved than in Minkowski space since the time variable in AdS^ does not 
decouple from the rest of the degrees of freedom on the worldsheet. The task was further 
complicated by the fact that AdSs is a non-compact space and the worldsheet CFT is not 
rational. Thus it was difficult to decipher the spectrum of the worldsheet theory. 

This problem was solved in [jl|,|^ . In [Q , we proposed the spectrum of the WZW model 
and gave a complete proof of the no ghost theorem base on the proposed spectrum. This 
proposal itself was verified in by exact computation of the one loop free energy for 
string on AdS^ x A4, where 7W is a compact space represented by a unitary conformal 
field theory on the worldsheet. Although the one loop free energy receives contributions 
only from physical states of the string theory, we can deduce the full spectrum of the 
SL{2, R) WZW model from the dependence of the partition function on the spectrum of 
the internal CFT representing M., which can be arbitrary as far as it has the appropriate 
central charge. Thus the result of ^ can be regarded as a string theory proof of the full 
spectrum proposed in 0]. 

The spectrum of the SL(2, R) WZW model established in [^,0 is as follows. Since 
the model has the symmetry generated by the SL{2,R) x SL{2,R) current algebra, the 
Hilbert space 7i is decomposed into its representations as 



H 



^w= — oo 




daCl^ 



Here is an irreducible representation of the SL{2,R) current algebra generated from 
the highest weight state defined by 



J^+Jj;w)=0, J^_„_i|i;w) = 0, J^\j;w)=0, (n = l,2, ■■■) 



;i.2) 



and C!" is generated from the state |j, a; w) obeying 



J^±Jj,a;w) =0, J^\j,a;w) = 0, (n = l,2,---) 
Jo iJ^ct'^w) = (^a+^w^\j,a;w), 



\j,a]w) = - 1) I j, «;«;). 



;i.3) 
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The representations with w = are conventional ones, where \ j; 0) and |j, a; 0) are annihi- 
lated by the positive frequency modes of the currents J^'^ {n > 1). These representations 
V'j and Q, are called the discrete and continuous representations respectively.! The repre- 
sentations with w ^ are related to the ones with w = by the spectral flow automorphism 
of the current algebra, J^'^ Jn'^^ defined by 



j± ^ j± 



. (1-4) 

2' 



In the standard WZW model, based on a compact Lie group, spectral flow does not 
generate new types of representations; it simply maps a conventional representation into 
another, where the highest weight state of one representation turns into a current algebra 
descendant of another. In the case of SL{2, R), representations with different amounts of 
w are not equivalent. 

In fll] , it was shown that ( |1 . 1|) leads to the physical spectrum of string in AdS'i without 
ghosts and that the spectrum agrees with various aspects of the dual CFT2 on the boundary 
of the target space. In particular, it is shown that the spectral flow images of the continuous 
representations lead to physical states with continuous energy spectrum of the form, 

where s is a continuous parameter for the states, is the amount of the current algebra 
excitations before we take the spectral flow, and h is the conformal weight of the state in 
the internal CFT representing the compact directions in the target space. These states are 
called "long strings" with winding number w, and their continuous spectrum is related to 



the presence of non-compact directions in the target space of the dual CFT2 [|T3,0- The 
continuous parameter s is identified with the momentum in the non-compact directions. 
The continuous representations with = give no physical states except for the tachyon. 



We call Vj a discrete representation even though the spectrum of j in the Hilbert space (I.l) 
of the WZW model is continuous. It would have been discrete if the target space were the single 
cover of the SL{2, R) group manifold. In order to avoid closed timelike curves, we take the target 
space to be the universal cover of SL{2,R), in which case the spectrum of j is continuous. We 
still call these representations discrete since their Jq eigenvalues are related to the values of the 
Casimir operator, — 1), while the Jq eigenvalue for continuous representations is not related 
to their values of the Casimir operator. 
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which is projected out in superstring. On the other hand, the discrete representations and 
their spectral flow images give the so caUed "short strings," whose physical spectra are 
discrete. 

In this paper, we compute amplitudes of these physical states of the string theory and 
interpret them as correlation functions of the dual CFT2. We show that the string theory 
amplitudes satisfy various properties expected for correlation functions of the dual CFT2. 

The dual CFT2 is unitary with a Hamiltonian of positive deflnite spectrum, and 
the density of states grows much slower than the exponential of the energy.! Therefore 
one should be able to analytically continue the time variable of CFT2 to Euclidean time. 
Correspondingly the AdSs geometry can be analytically continued to the three-dimensional 
hyperbolic space H^, whose boundary is S^. The worldsheet of the string on is described 
by the SL{2, C) / SU{2) coset model. We would like to stress that the SL{2,R) WZW 
model and the SL(2,C) / SU{2) coset model are quite distinct even though their actions 
are formally related by analytical continuations of field variables. For example, the Hilbert 
spaces of the two models are completely different since all the states in the Hilbert space 
( prrp of the SL{2, R) WZW model, except for the continuous representations with w = 0, 
correspond to non-normalizable states in the SL(2, C)/ SU{2) model. This means that 
all the physical states in string theory, except for the tachyon, are represented by non- 
normalizable states in the SL{2, C)/ SU{2) model. It is in the context of string theory 
computations of physical observables that one can establish connections between the two 
worldsheet models. We will discuss in detail how this connection works when we use string 
theory to compute correlation functions of the dual CFT2 on the boundary of the target 
space. 



Correlation functions of the SL{2, C)/ SU{2) model have been derived in [p!9| , |20|j2l[| for 
operators corresponding to normalizable states and some non-normalizable states simply 
related to them by analytic continuation. Although the correlation functions for normaliz- 
able states are completely normal, those for non-normalizable states contain singularities 
of various kinds. Thus we need to understand the origins of these singularities and to learn 
how to deal with them. 

For clarity, we separate our discussion into two parts. First we will discuss the origins 
of these singularities purely from the point of view of the worldsheet theory. We will show 



The Cardy formula states that the density of states of conformal field theory on a unit circle 
grows as exp (^-k^cE/^ , where E is the energy and c is the central charge of the theory. 



how functional integrals of the SL{2,C)/ SU{2) model generate these singularities. We 
find that some of these singularities can be understood in the point particle limit while 
others come from large "worldsheet instantons." 

After explaining all the singularities from the worldsheet point of view, we turn to 
string theory computations and interpret these singularities from the point of view of the 
target spacetime physics. Some of the singularities are interpreted as due to operator mix- 
ings, and others originate from the existence of the non-compact directions in the target 
space of the dual CFT2. In addition to the singularities in the worldsheet correlation 
functions, the integral over the moduli space of string worldsheets can generate additional 
singularities of stringy nature. In Minkowski space, singularities are all at boundaries 
of moduli spaces [e.g., when two vertex operators collide with each other or when the 
worldsheet degenerates) and divergences coming from them are interpreted as due to the 
propagation of intermediate physical states. For strings in AdSs, we find that amplitudes 
can have singularities in the middle of moduli space. We have already encountered such 
phenomena in one loop free energy computation in 0, and they are attributed to the ex- 
istence of the long string states in the physical spectrum. We will find related singularities 
in our computation of four point correlation functions. 

By taking into account these singularities on the worldsheet moduli space, we prove 
the factorization of four point correlation functions in the target space. We show that 
the four point correlation function, obtained by integrating over the moduli space of the 
worldsheet, is expressed as a sum of products of three point functions summed over possible 
intermediate physical states. The structure of the factorization agrees with the physical 
Hilbert space of string given in [|l],|^ . We also check that normalization factors for interme- 
diate states come out precisely as expected. The resulting factorization formula shows a 
partial conservation of the total "winding number" w of string.l We will explain its origin 
from the worldsheet SL{2, R) current algebra symmetry and the structure of the two and 
three point functions. In the course of this, we will clarify various issues about the analytic 
continuation relating the SL{2, C)/SU{2) model and the SL{2, R) model. 

We find that, in certain situations, the four point functions fail to factorize into a sum 
of products of three point functions with physical intermediate states. We show that this 

^ As explained in [||] , t(7 is in general a label of the type of representation and is not the actual 
winding number of the string, although, for some states, it could coincide with the winding number 
of the string in the angular direction of AdS^. 
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failure of the factorization happens exactly when it is expected from the point of view of 
the boundary CFT2. Namely, the four point functions factorize only when they should. 

This paper is organized as follows. In section 2, we review correlation functions of 
the SL{2, C)/ SU{2) coset model derived in [|T9| , pO| and explain the worldsheet origin of 



their singularities. In section 3, we turn to the string theory computation and discuss the 
target space interpretation of the singularities in two and three point correlation functions. 
In section 4, we give a detailed treatment of four point correlation functions. On the 
worldsheet, a four point function of the S'L(2, C)/SU{2) model is expressed as an integral 
over solutions to the Knizhnik-Zamolodchikov equation [^. We integrate the amplitude 
over the worldsheet moduli, which in this case is the cross ratio of the four points on 
S'^, and obtain the target space four point correlation function. We examine factorization 
properties of the resulting correlation function. We explain when it factorizes and why it 
sometimes fails to factorize. In section 5, we compute two and three point functions of 
states with non-zero winding numbers. We also explain the origin of the constraint on the 
winding number violation. In section 6, we use the result of section 5 to show that the 
factorization of the four point function works with precisely the correct coefficients. 

In appendix A, we derive the target space two point function of short string with 
w = 0. The normalization of the target space two point function is different from that 
of the worldsheet two point function. The target space normalization is precisely the one 
that shows up in the factorization of the four point amplitudes. In Appendix B, we derive 
some properties of conformal blocks of four point functions. In Appendix C, we derive 
a formula for integrals of hypergeometric functions used in section 4. In appendix D, 
we derive a constraint on winding number violation from the 5'L(2, R) current algebra 
symmetry of the theory. In Appendix E, we introduce another definition of the spectral 
flowed operator, working directly in the coordinate basis (rather than in the momentum 
basis) on the boundary of the target space. We compute two and three point functions 
containing the spectral flowed operators using this deflnition. 

Some aspects of correlation functions of the SL{2,C) / SU{2) model have also been 
discussed in pi,P|,pil23,EB|, 



2. General remarks about the SL{2,C)/ SU{2) model 

In this section, we study properties of the sigma model whose target space is Euclidean 
AdS^, or three dimensional hyperbolic space, which is denoted by H^,. This sigma model is 
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a building block for the construction of string theory in H^, x M.^ where M. is an internal 
space represented by some unitary conformal field theory. It is also used to compute string 
amplitudes for Lorentzian signature AdS^. A precise prescription for computing string 
amplitudes will be given in section 3. Before discussing the string theory interpretation, 
let us clarify some properties of the sigma model itself. 

The hyperbolic space can be realized as a right-coset space SL{2,C) / SU{2) |l28[] . 
Accordingly the conformal field theory with the target space ifs and a non-zero NS-NS 
2-form field B^j, can be constructed as a coset of the SL(2, C) WZW model by the right 
action of SU{2). The action of the SL{2,C) / SU{2) model can be expressed in terms of 
the Poincare coordinates ((^, 7, 7) and the global coordinates (p, 6*, of as 

S=^ j (fz {d(l)d(j) + e'^^d^d'y) 

J (fz dpdp + sinh^ p{dede + sin^ edipdip)+ (2.1) 



k 

TT 



+i sinh2p — p^ sin6{d6dip — dOdip) 

We are considering the Euclidean worldsheet with 8 = 8^, etc. Near the boundary, p 00, 
the action becomes 



8 p8 p + ^e^^ {89 — i sin 98(p) {89 + i sin 98(p)— ^ ^ 

— i p sin 9{89dip — d98ip 



S ~- / d'z 

TT 



Because of the second term in the right-hand side, contributions from large values of p 
are suppressed in the functional integral as ~ exp(— cte^''); the coefficient a is positive 
semi-definite, and it vanishes only when {9, if) is a holomorphic map from the worldsheet 
to S'^ obeying 

d9 + isin9d^ = Q. (2.3) 



Even for ct = 0, if the map is non-trivial, the last term in ( p.2| ) may grow linearly in p. For 
constant p and (6*, (/?) obeying ( p.3| ), the action goes as ~ 2knp where n is the number of 
times the worldsheet wraps the S"^ . 

The action on the Euclidean worldsheet is real- valued since the B field is pure imagi- 
nary.! The action is positive definite, and all normalizable operators have positive confor- 
mal weights. Thus one expects Euclidean functional integrals to behave reasonably well in 



^ This is so that the B field becomes real-valued after analytically continuing the target space 
to the Lorentzian signature AdS^. 
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this model. The only novelty is the fact that the target space of this sigma model is 
non-compact, but it is just as in the case of a free scalar field taking values in R, which is 
also non-compact. 

The interpretation of this model on a Lorentzian worldsheet is more subtle. Because 
of the B field, the action is not invariant under reflection of the Euclidean time, 

and it becomes complex valued after analytically continuing to the Lorentzian worldsheet. 
Thus the Hilbert space of the SL{2, C) / SU{2) model on the Lorentzian worldsheet may 
not have a positive definite inner product; in fact, an action of the SL{2,C) current J^^ 
generates negative norm states. As we mentioned in the above paragraph, the model on 
the Euclidean worldsheet appears to be completely normal — just that it does not have 
an analytic continuation to a normal field theory on a Lorentzian worldsheet.i 

What is the space of states of this conformal field theory? In the semiclassical approx- 
imation, which is valid when k in the action ( |2.2|) is large, states are given by normalizable 
functions on the target space. More precisely, since the target space ifa is non-compact, we 
allow functions to be continuum normalizable. Because of the 5'L(2, C) isometry of ifs, 
the space of continuum normalizable functions is decomposed into a sum of irreducible 
unitary representations of SL{2, C). The representations are parametrized hj j = ^ + is 
with s being a real number, and the Casimir of each representation is given by —]{] — 1). 
The Casimir is proportional to the eigenvalue of the Laplacian on H^. Corresponding to 
each of these states, there is an operator in the SL(2, C)/SU{2) model, which is also called 
normalizable. They can be conveniently written as [p0| , p!9[| , 

$,(x,x;z,^) = ^—^{e-'^ + \-f-x\^e^)-^^. (2.4) 

TV 

The labels x, x are introduced to keep track of the SL(2, C) quantum numbers ||31|| . The 
SL{2, C) currents act on it as 

jja 

J°'{z)(^j{x,x\w,w)r^ x; ty, w), a = ±,3, (2.5) 

z — w 

^ This is somewhat mirror to the situation of the SL(2, R) WZW model. The SL{2, R) model 
makes sense in the Lorentzian worldsheet as discussed in ||2^Jl|. However we cannot analytically 
continue to the Euclidean worldsheet since the Hamiltonian of the model is not positive definite. 
Note that here we are talking about analytically continuing the worldsheet without analytically 
continuing the spacetime. 

^ In the string theory interpretation discussed in section 3, {x,x) is identified as the location 
of the operator in the dual CFT on on the boundary of H3 [p2|| . 
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where are differential operators with respect to x defined by 



dx ' 



d 
ox 



D- 



2 ^ 

X — + 2jx. 

ox 



(2.6) 



By using this and the Sugawara construction of the energy momentum tensor, 

1 



Tiz) 



k-2 



{j+{z)J-{z)-j\z)j\z)) 



(2.7) 



we find the precise expression for the conformal weights of these operators as 



A(i) 



[2.1 



k-2 k-2 

Operators with j = \ + is have positive conformal weight, as we expect for normalizable 



operators in a well-defined theory with Euclidean target space. It was shown in that 
states corresponding to these operators and their current algebra descendants make the 
complete Hilbert space of the SL{2, C)/ SU(2) model. 

The vacuum state of the SL(2, C)/ SU{2) model is not normalizable. This again is 
not unfamiliar; the vacuum state for the free scalar field on R is also non-normalizable 
since its norm is proportional to vol(R) = oo. In this case, we do not consider the vacuum 
in isolation. The vacuum state always appears with an operator, such as in e*^"'^*^^'' |0). 
Similarly, on H^, the vacuum state |0) is not normalizable, but we can consider a state 
given by operators of the form ( |2.4|) with j = ^ + is acting on it.i 



The two and three point functions of operators like ( p.4|) were computed in [|19| , |20| , pT 
The two point function has the form. 



{^j{xi,Xi; Zi, Zi)^j>{x2, X2; Z2, Z2)) 

1 



B{j) 



The coefficient B[j) is given by 



5\x^ - X2)5{j + j' - 1) + T^d{j - j' 



X12 



(2.9) 



k-2 



V 



l-2j 



TT 



7 



2j-l 
k-2 



(2.10) 



^ In the flat space case, the vacuum |0) can be regarded as p — > limit of e*^"^^°'' |0), and 
therefore it is a part of the continuum normalizable states. Such an interpretation is not possible in 
the case of i^s since there is a gap of between the conformal weight (2^) of the normalizable 

states and that of the vacuum. 
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where 



7(x) 



r(x) 
r(i -x) 



(2.11) 



The choice of the constant v will not affect the discussion in the rest of this paper. In ||2T 
it is set to be 



Z/ = TT- 



(2.12) 



by requiring a certain consistency between the two and three point functions. 
The three point function is expressed as 

(Xi, Xi; 21, ^i)$j2 (X2, X2; Z2, 22)$j3(^3, ^3, ^3)) = 

1 



C(jl,j2,j3) 



|^_^2|2(Ai+A2-A3)|^23p(^2+A3-Ai)|2g^|2(A3+Ai-A2) 
1 



X 



(2.13) 



I 12 P '■-'^ +J2 - js ) I X23 P*^-'^ "■'I ) I X3I +il ) ■ 

The z and x dependence is determined by SL{2, C) invariance of the worldsheet and the 
target space. The coefficient C(ji, j2, Ja) is given by 

^(1 - jl - j2 - j3)G{j3 - jl - j2)G{j2 - js - jl)G{jl - 32 - is) 



C(il,i2,i3) 



2T,2^n+j2+r,-i^ (^l^i j ^(-1)^(1 - 2ji)G'(l - 2j2)G'(l - 2^) 



where 



G{j) = {k- 2)'TOrr2(-i I 1, A; - 2)r2(A; - 1 + j | 1, k-2) 



(2.14) 
(2.15) 



and r2(x|l,co') is the Barnes double Gamma function defined byi 
log(r2(x|l,u;)) 



hm ^ 



(X + 77, + 



mu)] 



in + muj] 



n, 771=0 



(n,m)7^{0,0) 



:2.i6) 



This shows that r2 has poles at x = —n — muj with n, m = 0, 1, 2, ■ ■ -. The function G{j) 
defined by ( p.l5|) then has poles at 



j = n + m{k-2), -(n + 1) - (m + l)(/c - 2), (n, m = 0, 1, 2, ■ ■ ■). 



(2.17) 



^ The sums over n, m in the right-hand side are defined by analytic regularization. Namely, the 
sums are defined for Re(e) > 2, where they are convergent, and the result is analytically continued 
to e ^ 0. 
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These will play an important role in the following discussion. 

Another important fact about G{j) is that it obeys the functional relations, 



For example, one can use the first of these relations to show that 

Gjji - j2 + e)G{j2 - ji + e) 
G{-1)G{1 - 2e) 

lim -„ 

k-2j e^o (ji-j2)2_e^ 



(2.18) 



lim 



= - 2)7 ( 7-^ ) lim -^-2 (2.19) 



^-2vr(fc-2)7 5(^1 -.2), 

when ji = I + isi and j2 = | + is2- From this, it follows that, 

C{J^J2.0) = B{j^)5{J^-J2), (2.20) 

verifying that the three point function including the identity operator $j=o is in fact equal 
to the two point function. Similarly, by using the second of ( p.l8| ), we can show, 

C (ii,i2, - ) = (k dependent coefficient) x 5{ji + j2 — k/2). (2.21) 



2^ 

Unlike the case of (|2.20[) , the proportionality factor depends only on k and not on ji, j2- 
This identity is used in later sections when we evaluate correlation functions involving 
spectral flowed states. 

These two and three point functions are perfectly well behaved and finite for normal- 
izable operators with j = \ + is. Similarly one expects that the four point function of 
such states to be given by summing over intermediate normalizable states pT| , ^ .lll The 
four point function will be discussed in detail in section 4. These properties are familiar 
and happen in all conformal field theories. The non-compactness of the target space does 
not pose a problem; we deal with it as in the case of a free non-compact scalar field. 



Recently it was shown in [34| that the four point function of the SL{2,C)/SU{2) model 
has the same form as that of the five point function of the Liouville model where the cross ratio 
of four Xi's in the SL(2,C)/SU{2) model is related to the location fo the fifth vertex operator 
in the Liouville model. This in particular shows that the four point function obeys the crossing 
symmetry, the monodromy invariance, and so on, assuming that Liouville correlation functions 
also satisfy these properties. The monodromy invariance of the four point function is proven 
explicitly in section 4.2. 
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2.1. Analytic continuation and singularities 

Life would be relatively simple if all we were interested in were operators like ( |2.4| ) 
with j = ^ + is. 

The complications in our case show up because the operators we are going to be 



interested in are non-normalizable operators 13^,^. This is also familiar in standard flat 
space computations in string theory. There, we are interested in vertex operators which 
go as e^o^sucHd^ where po is the energy carried by the operator and is real, and ^^uc^id 
the scalar field representing the Euclidean time coordinate. It is sometimes said that we 
compute amplitudes in Euclidean signature space (with pure imaginary po) and then we 
analytically continue the results in po. This analytic continuation is possible if correlation 
functions with non-normalizable operators of the form e^^^Bucud make sense in the model 
with Euclidean target space. There might be singularities for complex values of po, but we 
should be able to go around them to arrive at real values of po . Original correlators with 
pure imaginary po are well-defined in the Euclidean theory and never infinite since these 
operators correspond to normalizable states of the theory. When we analytically continue 
to real (or complex) po, there can be singularities where the amplitudes diverge. In fiat 
space string theory, these singularities arise when we integrate over the positions of the 
operators on the worldsheet. The integrated four point function can become singular as a 
function of the momenta. The interpretation of these singularities is of course well-known 
in flat target spacetime; they corresponds to poles in the S matrix and they are due to the 
propagation of an intermediate on-shell state. The lesson from the flat space case is that 
we should be able to interpret any singularity that appears in the physical computation of 
string amplitudes. Part of the deflnition of the physical theory is the choice of operators 
we consider. In the flat space case, po has to be pure imaginary in order for the vertex 
operator e^^-^'^-ucud to be normalizable. These are the operators that are most natural {i.e., 
normalizable) from the point of view of the Euclidean worldsheet theory. On the other 
hand, for applications to string theory, we need to consider the case when po is real as 
these are the ones that correspond to physical states in target space. 

In our case we can deflne non-normalizable operators by taking j away from the line 
j = ^ + is. In the string theory application, we will be interested in the case when j is 
real. One can deflne correlation functions of these operators by analytically continuing 
the well-deflned expressions that were found for J = | + is. In fact, the expressions for 
complex j were derived in [|19[ by using special properties of operators at particular real 
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values of j, so analyticity in j was an input to the calculation. A feature of this analytic 
continuation is that correlation functions that were perfectly finite and well behaved can 
develop singularities for particular values of j. In the following subsections we will explain 
the origin of these singularities in the SL{2, C)/ SU{2) model. We will also explain that 
there are other non-normalizable operators that are necessary for the string theory appli- 
cation which are not obtained by analytic continuation in j of (|2.4|) . In section 5, we will 
discuss how to compute correlation functions of these operators. 

2.2. Singularities in two point functions 

The first thing we need to understand is how the operators (|2.4|) with real j are defined. 
It seems that all we need to do is to insert the vertex operators (|2.4|) in the path integral. 
As usual we need to remove short distance singularities in the worldsheet theory when we 
insert these operators. This is the standard renormalization procedure we need to use to 
define vertex operators. In this case, however, we also need to be careful with singularities 
on the worldsheet theory that arise due to the fact that the sigma model is non-compact. 
The vertex operator ^j{z, x) defined by ( ^.4| ) has the property that, depending on whether 
7(z) = X or 7^ X, it behaves as $j ~ e^^'^ or ~ e~'^^^ for large (j). For Re(j) < 1/2, we see 
that, once we take into account the measure factor e^*^, the two point function will have a 
divergence. This divergence comes from the region where 7 7^ x and 00, and therefore 
it is not localized near x in target space; it is spread all over the x space. On the other 
hand, if Re(j) > 1/2 this divergence is localized at 7 = a;. This distinction between these 
two cases will be very important for the string theory application discussed in the next 
section. From the worldsheet point of view, operators of the form Re(j) 7^ 1/2 are not 
normalizable. Analytic continuation is defining these operators in some way. We also get a 
divergence in the two point function coming from the delta function 5{j —j') in (|2.9|) . This 
comes from the volume of the subgroup of target space global SL{2, C) transformations 
that leave two points fixed (the two points, xi and X2, where the operators are inserted). 

The analytically continued expression ( |2.10| ) has other divergences. It has poles at 

Tl 1 

j = -{k-2) + -, n = l,2,---. (2.22) 

Let us understand these poles when k is large. Before we continue, let us note that we 
know the exact expression ( |2.9| ), and there is no need to re-evaluate it approximately. The 
purpose of this exercise is to understand the origin of these singularities. This will help 
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us interpret them in the context of string theory later. It may also be useful in analyzing 
similar singularities in situations where we do not know exact answers. 

Let us start with the n = 1 case. Since j ^ k and the semi-classical limit corresponds 
to /c ^ oo, these poles can be thought of as arising from non-perturbative effects on the 
worldsheet. The non-perturbative effect we have in mind is due to a worldsheet instanton. 
The target space has a boundary that is an S^, and our worldsheet instanton approaches to 
it while wrapping on this S'^ once. These are sometime called "long strings" , which are 
related to the long strings in the spectrum of the SL{2, R) WZW model. To evaluate effects 
of the instanton, it is useful to use global coordinates in H2,. As we discussed earlier, the 
worldsheet action ( |2.2[ ) grows exponentially large toward the boundary p ^ 00 unless the 
worldsheet obeys the holomorphicity condition ( |2.3| ). For a holomorphic worldsheet, the 
action grows linearly as 5" ~ 2kp for large p. The effect is of the order e"^'^^, which is indeed 
nonperturbative if we identify /c ~ where g is the coupling constant on the worldsheet. 
These worldsheet instanton effects are similar to the ones which appear in the computation 
of the Yukawa coupling of the type II string compactification, where the instantons wrap 
topologically non-trivial 2-cycles in a Calabi-Yau 3-fold. In our case, however, the S'^ is 
contractible in H^. In fact, the instanton action ~ 2kp is not a topological invariant, 
but it depends on the size p of the worldsheet. Thus the instanton configuration is not 
topologically stable, and it is continuously connected to the vacuum.0 Without additional 
effects, the factor e"'^'^^ tends to suppress large instantons. 




X2 



Fig. 1: If Re(j) > — 3— j the worldsheet for the two point function grows uniformly 
on toward the boundary. 



In several respects, these instantons are similar to instantons in ordinary Yang Mills theory 
in four dimensions. In this latter case their action depends logarithmically on the size of the 
instanton (analogous to e^''° in our case) and if we are in a given theta vacuum, the instanton 
can dissolve into the vacuum. 
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This observation can be used to explain the poles in the two point function at 2j ~ k 
in the following way. As we noted, depending on whether 7(2;) = x or 7(2) 7^ x, the vertex 
operator behaves as ^j{z, x) ~ e^^'^ or ~ e~'^^^ for large (j). On the worldsheet S"^ with the 
two vertex operators inserted, one can always find a holomorphic map such that 7(2^) = Xi 
(z = 1,2). In fact there is a one-complex parameter family of instantons, generated by 
dilatation and rotation which keep fixed the two points, and the integral over the family is 
responsible for the delta function 5{i — j') in the two point function. On such instantons, 
the vertex operator is evaluated as Xi) = e^^'^ in Poincare coordinates. In the global 

coordinates, it behaves as $j ~ e^^^ for large p. Therefore, in the two point function, the 
integral over the zero mode po of the instanton size is of the form 

dpoe-'^''P'>e^^P°e^^P\ (2.23) 

where the first factor is the instanton action, and the last two factors come from the vertex 
operator insertions. We see that the integral ( |2.23|) converges at large po only for j < f 
(the exact answer ( |2.1Up is finite only for j < ■^^).lli Thus the instanton effect explains 
the origin of the singularity as due to the non-compact direction in field space which can 
be explored with finite cost in the action. Since this divergence is coming from the large 
p region, it does not matter that the instanton is not topologically stable in the full space 
of the worldsheet fields. What is important is that the large p region gives a dominant 
contribution to the functional integral. We can therefore say that this divergence is an 
IR effect in the target space. It is interesting that the divergence is not localized on the 
worldsheet and therefore cannot be considered as an UV effect there. The standard lore 
about the correspondence between IR effects in the target space and UV effects on the 
worldsheet does not hold in this case. 

Thus we have shown that there is a divergence for Re(j) > due to large worldsheet 

instantons. In the analytic regularization, the divergence is converted into a pole at j = 

k-i 



Of course the formula ( |2.9| ) is precisely the result of such analytic continuation. These 



poles were also discussed in in the context of the SL{2, R)/U{1) coset model using a 
dual description |2^]. Similarly, by considering an instanton which wraps n-times the S'^, 
we can explain the pole at 2j ~ nk in the two point function. 



In principle, we expect the computation in (2.23) to give us only the leading order in k 
behavior. By being a bit more careful about the integral over quadratic fluctuations, we can see 
that the amplitude can be better approximated as J dpoe^''^ e^'^'^^^'^^'"^ e^^-'^^'^'^^ e^^-'^^'^'^^ , where the 
first factor comes from the measure of the po integral, the shift in k comes from the determinants 
and the shift in j comes from the integral over 7, 7. This gives the exact bound j < -^^^ . 
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2. 3. Singularities in the three point function 

Three point function ( |2.1tj| ) has various poles which come from the poles in G{j) ( |2.17| ). 
One finds that C{ji, j2, js) has poles at 

j =n + m{k -2), -{n + 1) - {m + l){k - 2), (n, m = 0, 1, 2, ■ ■ ■), 

(2.24) 

where j = 1 - ji - j2 - ja, ja - ji - j2, J2 - is - ji, or ji - j2 - js- 

Our first task is to understand the origin of these singularities from the point of view of 
the SL{2, C)/SU{2) sigma model on the worldsheet. 
Let us first consider the poles at 

i3-Ji-j2=^, (n = 0,l,2,---). (2.25) 

Here we use the standard large k approximation treating (p and 7, 7 as constant on the 
worldsheet (this is the point particle approximation). The vertex operator ( |2.4| ) goes like 



e'^^'^ at 7 = a; and it decays like e~'^^'^ for 7 7^ x. When js > ji + J2, a divergence in 
the three point amplitude arises from the integral region where 7 = X3 (and therefore 
7 7^ xi, X2) so that ^j^ixs) ~ e^-'s'^ and ~ e~^-'i'^, e~'^^^'^. The integral over (p then 

takes the form 

<^e2(j3-ji-j2)<^^ (2.26) 



where the measure factor e^'^ is cancelled by the integral over 7, 7. The amplitude is 
divergent for js > ji + j2, and analytic regularization gives a pole at js = ji + 32 ■ This 
explains the pole with n = in ( |2.25| ). To reproduce the other poles with n = 1, 2, ■ • we 
just have to expand $-,3 (^3, 0:3) in powers of 17(^3) — x^\'^ and repeat the above exercise. 
Thus we have interpreted the poles ( p.25| ) in the exact expression ( |2.14| ) from the point of 



view of the worldsheet theory. There are also poles when (j2 — J3 — ji) and (ji — j2 — j^) 
are non-negative integers and they are explained in a similar way. In section 3, we will 
discuss how these divergences are dealt with in string theory. We will see that these are 
very analogous to poles in the S matrix in the flat space computation. 

The other poles in ( p. 24 ) can be explained by the worldsheet instanton effects. Since 



one can always find a holomorphic map from the worldsheet to the target space such that 
7(2;^) = Xi {i = 1, 2, 3), the worldsheet instanton can grow large whenever Re(ji + j2 +^3) 
exceeds ~ k. This explains the first pole in (|2.24| ) with (71, m) = (0, 1). As in the case of 
the two point function, this divergence is non-local in target space. The remaining poles 
in ( p.24| ) can be interpreted in similar ways. 
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2.4- Singularities in four point functions 

Let us now move on to the four point function. By worldsheet conformal invariance 
and target space isometries, it depends non-trivially only on the cross ratios of ^^'s and 
Xi's (z = 1, ■ ■ ■ ,4), 

^ ^ {Zl - Z2){Z4 - Zs) ^ ^ {Xi - X2){X4 - X^) 

{Zl - Zs) (Z4 - ^2) ' {Xi- Xs) {X4-X2)' 

For special values of j^, the labels of the four operators, the dependence of the four point 
function of z and x can be determined by differential equations. These values of ji are 
outside the range which leads to physical operators in the string theory. 

For generic values of ji, one very useful piece of information is that it obeys the 
Knizhnik-Zamolodchikov (KZ) equation, which follows from the Sugawara construction 
of the stress tensor (|2.7|). The idea is to compute (T(w)$jj {zi, xi) ■ ■ ■ (^4, X4)) in two 
different ways. One is to convert T{z) into derivatives with respect to Zi^s using the 
conformal Ward identity. Another is to use (|2.7D to express T{z) in terms of the currents 



J" and to turn them into differential operators on x by the SL{2, C) Ward identities (|2.5|). 
Combining these two expressions together and going over to the cross ratios (|2.27|) , one 



finds []2l| that the four point fimction J^sl{2) = {^ji " " " $74) obeys 



§-/sLi2) = ^ (f + 7^ ) ^SLi2), (2.28) 



(2.29) 



where P and Q are differential operators with respect to x defined by 
P ^x^x - 1)^ + {{-^ + 1)^' - 2ji - 2i2x(l - x)) ^- 

- 2Kj2X - 2jij2, 

Q = - (1 - xfx^ + {{k - 1)(1 - xf + 2j3(l -x)+ 2j2x{l - x)) ^- 

- 2kj2(1 - x) - 2^273, 

with 

n^j4- ji - 32 - js- (2.30) 

Because of the factor z~^ and [z — 1)~^ in the right-hand side of the KZ equation 
( p.28| ), the amplitude J^sl{2){z, x) has singularities at z = 0, 1 and 00. Such singularities 
are familiar in conformal field theory and appear when locations of two operators coincide 
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on the worldsheet. This leads to the operator product expansion, which wiU be discussed 
extensively in section 4. 

Quite unexpectedly, the equation also implies a singularity aX z = x. This is because 
the coefficients on front of d'^/dx'^ in P and Q cancel with each other at z = x. Substituting 
the ansatz J-'sl(2) ~ {z — xY into ( |2.28| ) and solving the equation to the leading order in 
(yZ — x)^ the exponent 5 is determined as 

5 = or k-ji-j2- js - JA- (2.31) 

The solution with 5 = is regular aX z = x. However, as we will see in section 4, 
monodromy invariance of the amplitude J^sl(2) around ;2 = 0, 1, cxd as well as around z = x 
requires that we include the other solution with d = k— ji — j2 — js — 3i- Therefore J^sl(2) 
has to have a singularity of the form 

^SL{2) ~ k - x|2('=-^i--?2-J3-j4)_ (2.32) 

Here we combined holomorphic and anti-holomorphic parts so that the amplitude is mon- 
odromy invariant around z = x. 

The presence of the singularity at z = x is very surprising from the point of view of 
the worldsheet theory since this is a point in the middle of moduli space. In a standard 
conformal field theory, amplitudes become singular only at boundaries of moduli spaces. A 
very closely related divergence appears in the one loop diagram The interpretation 

of this singularity is again associated with instanton effects. In the case of the four point 
function, worldsheet instantons can grow large if and only li z = x since there has to be 
a holomorphic map from the worldsheet to the boundary 5"^ of the target space such that 
7(zi) = (z = 1, ■ ■ • , 4). Such a map exists only when the worldsheet modulus z coincides 
with the target space modulus x. The instanton approximation also explains the value of 
5 in the following way. If z is not equal to x but close to it, there is a harmonic map {6, (p) 
for which 

j {de - isined(j)){de + isinedcj)) ~ l^-xp. (2.33) 

In we considered the finite temperature situation where we periodically identify the target 
space Euclidean time, and computed a partition function on a worldsheet torus. We found that, 
in addition to the divergence at the boundary of the worldsheet moduli space r — > ioo, there 
are singularities when r is related to the periodicity of the target space Euclidean time. These 
singularities are interpreted as due to worldsheet instantons from the worldsheet torus to the finite 
temperature target space {i.e the Euclidean black hole in AdSs). 
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We can then insert this into (|2.2|) to estimate the action for large p as, 



S r^2kpQ + ae^P°\z-x\^, (2.34) 

for some positive constant a. Here we only show the dependence on the zero mode po of 
p. The functional integral for the four point function is then approximated as 

j ^^^g2pog-2(fc-2)po+a|x-2|2e2''Og2^.(j,-l)po ^ _ ^ |2(A;-ii -ja -i3-j4) _ (2.35) 



reproducing the singularity ( p.32|) . This is related to the remark in [|T^ that the dynamics 



of long strings is approximated by the Liouville theory — here \x — plays the role of 
the cosmological constant. By a simple extension of this argument, we expect that n point 
amplitudes have singularities when the worldsheet moduli coincide with the target space 
moduli. For n > 4, there can also be singularities when a subset of the worldsheet moduli 
coincides with a subset of the target space moduli. In this case, only the corresponding 
part of the worldsheet grows large. 

2. 5. Correlation functions of spectral flowed states 

So far, we have discussed some general properties of (analytically continued) correla- 



tion functions of the operators (|2.4| ) in the SL{2,C) / SU{2) model, and we have explained 
the origin of various singularities in the correlation functions. It turns out that there are 
other non-normalizable operators we will need to consider for the string theory application. 

The operators $j and their descendents by the SL{2, C) current algebra are not the 
only operators we will be interested in. The current generators J"'{z) act on $j as ( |2.5| ), 
which means that $j and their analytic continuations also obey the conditions 

J±|$)=0, 4m = 0, (n = l,2,---). (2.36) 

These lead to the conventional representations of the current algebra. In WZW models 
based on compact Lie groups, these are all the operators we need to consider; other opera- 
tors are just current algebra descendents of these. In the SL{2, R) WZW model, there are 
other states one needs to take into account. These are states in spectral flowed representa- 
tions of the types described in ( p..2|) and (|1.3|) . Correspondingly, there are non-normalizable 
operators in the SL(2, C)/SU{2) model that are different from the ones obtained by ana- 
lytic continuation of $j. In fact, by taking worldsheet OPE of operators of the form ( |2.4| ), 
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which obey ( 2.36| ), we can produce operators which are not in the conventional representa- 
tions obeying ( |2.5| ). For example, we shall see in detail in section 5.2 that we can construct 
an operator which generates spectral flow from the operator in (|2.4| ) with j = k/2; the 
spectral flowed representations are generated by the worldsheet OPEs with this operator. 

In the remainder of this section we will argue from a semiclassical point of view that 
these are natural operators to consider. In particular we will build operators that are 
non-normalizable, but such that their "non-normalizability" is concentrated at a point x 
on target space. 

To formulate the problem, let us consider a vertex operator "ifjizo, xq) deflned so that 
it imposes the boundary condition, 

</'W--flog|.-.ol^ ^23^^ 

7(z) ~xo + o(|^-^o|^^'/'')• 



The reason that the subleading term in the second line of ( 2.37 ) has to be smaller than 
\z — zq\^^^^ will become clear below. We will also show that, when ^ < Re(j) < the 
operator coincides to the operator $j. What happens when j is outside of this range? 
Let us express j as j = j + with ^ < Re(j) < The semi-classical analysis that 

follows shows that the operator \E' j deflned by (|2.37| ) is identifled as , which is deflned by 
acting the w amount of the spectral flow on $j. In the semi-classical approximation, the 
spin j will actually be found to be in the range < Re(j) < ^. In the exact computation, 
this becomes | < Re(j) < 

To explain this, let us consider the two point function of the vertex operators at 
{z, x) = (0, 0) and (oo, oo). We consider the case when j is real. It was shown in that 



a general solution to the classical equation of motion for ( |2.1| ) is given by 

(P = p{z) -f p{z) + log(l -f h{z)h{z)), 

^ = ""^'^ iTKzWr (2-38) 

7 = a(^) + T— TTTTT^, 

1 4- h[z)h[z) 

for some holomorphic functions p, a, h of z. The simplest solution obeying the boundary 
conditions ( |2.37| ) is 

<^ = log 

A: (2.39) 

7 = 0. 
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This solutions corresponds to p = — ^ log z and a = 6 = in ( p.38| ) . This clearly satisfies 
the boundary conditions at 2; = 0. To see that it also obeys the boundary conditions at 
2 = 00, we use the inversion of Poincare coordinates as, 



7 



i 



l + e2^|7|2' (2.40) 



1 + 



12- 



Note that, at ^ ^ 00, this corresponds to the inversion 7' = — 1/7 of the complex coordi- 
nates on S'^ . We then find 

= — T log \Z , 

/e ' ' (2.41) 

7=0, 

where z' is the worldsheet coordinate appropriate near z = 00, 

1 



(2.42) 



Thus the solution (|2.39| ) obeys the boundary conditions both at 2; = and 00. This solution 
describes a cylindrical worldsheet of zero radius, connecting a; = and 00. 

Now let us examine what type of perturbations are allowed to this solution. The 
simplest ones are of the form, 

X -^1 I |2 

— log \z\ 



k (2.43) 

7 = 

for small e. We claim that this deformation corresponds to the action of the current algebra 
generator J+ on the solution ( ^.39] ). To see this, we note that the point g in the coset 
SL{2,C)/SU{2) is parameterized by the coordinates (^,7,7) as 



e^7 



SH' 171. (2.44) 



and the action of J+ is given by 



J+: g^g+i^r. ]9- (2.45) 





One can easily verify that ( |2.45|) indeed maps ( p.39| ) to ( p.43|) 
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One should ask whether this perturbation is normahzable or not. The norm of world- 
sheet fluctuations is deflned using the target space metric as0 

||(5</>,57,57)lP = / {S4>' + e'^djd^) . (2.46) 
Therefore the perturbation ( p.43|) is normahzable (at small z) if 



n = w + l,w + 2,w + 3,---, (2.47) 

and non-normalizable if 

n ^ w,w - l,w -2,- ■ ■ . (2.48) 

Normahzable perturbations should be integrated out when we perform the functional in- 
tegral over the worldsheet and therefore do not change the boundary conditions. This 
explains why we require that the subleading term in the second line of ( p.37|) has to be 
smaller than |z— zoP'^^^ since any perturbation equal to or greater than is non-normalizable. 
Non-normalizable perturbations change boundary conditions and correspond to inserting 
different operators on the worldsheet. Since these perturbations correspond to the action 
of on the worldsheet as in (|2.45| ) , one can say that the vertex operator \1/ j is annihilated 
by J+ which generates normahzable perturbations, i.e., 

J+^j=0, n = w + l,w + 2,w + 3r--. (2.49) 

One can repeat this analysis for the action of J~ . This gives a perturbed solution of 
the form, 

<!>= -^log|2:p. 



7 = e\z\ z'^. 



(2.50) 

A similar analysis shows that this perturbation is normalizablelii for 

n = -w,-w + l,-w + 2,---, (2.51) 



Here the worldsheet metric is set to \z\^'^dzdz, which is appropriate when the worldsheet is 
an infinite cylinder, since we will use this computation to idenfity the state corresponding to the 
vertex operator ^j. 

Here we assume 2j/k is not an integer. See the discussion below. 
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and is non-normalizable for 



n = —w — 1, —w, —w + 1, ■ ■ ■ . (2.52) 
This means is annihilated by J~ as 

J-^r^- = 0, n = -w,-w + l,-w + 2,---. (2.53) 

Combining ( |2.49D and (|2.53|) , we find that ^'j corresponds to the highest weight state 
of a discrete representation with with w amount of spectral fiow. By evaluating for 
the solution ( p.39|) , one finds that it carries the charge j. According to the rule of the 
spectral fiow (|1.4|) , this means that the Casimir of the representation before the spectral 
fiow is given by — 1) where j = j — ^w. 

Something special must happen when 2j /k is an integer since the amount w of spectral 
fiow jumps there. What happens is that the solution (|2.43| ) with n = w coincides with the 



solution (|2.50|) with n = —w and both are non-normalizable. This means that we have a 



new type of state, not annihilated by JZ^ and J+. It is in the continuous representation 
with w amount of spectral fiow. The fact that the two solutions coincide means that there 
is a new solution. In fact, when 2j/k = w, there is a new solution. 



(p = --^ log 1^1 
7 = ez"^ log \z 



2 



(2.54) 



One can think of e as the radial momentum carried by the long string. This is a Euclidean 
version of the phenomenon discussed in section 3 of in the context of string theory in 
the Lorentzian AdSs- 

Here we have explained how to define the vertex operators Uj{z,x) for the spectral 
fiowed representations. In section 5, we will give exact expressions for correlation functions 
of these operators. 



3. Spacetime interpretation of the singularities in two and three point func- 
tions 

In the previous section, we have discussed properties of non-normalizable operators in 
the SL{2, C)/ SU{2) model in general. In this section, we will discuss which subset of those 
operators we will consider as physical operators. The physical theory we have in mind is 
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string theory on x where is a compact target space represented by some standard 
unitary CFT. We will interpret singularities in the amplitudes discussed in the previous 
section from the point of view of this string theory. According to the AdS /CFT conjecture, 
the string theory is dual to a boundary conformal field theory on S'^ , which we denote from 



now on as "BCFT" |]T^. The observables of BCFT are local normalizable operators on 
the boundary of the target space. In string perturbation theory, they are represented on 
the worldsheet by products of non-normalizable operators in the SL{2^C) / SU {2) theory 
times normalizable operators in the unitary CFT for M. 

Jii 

The same is true in flat space 

computations where normalizable plane waves in the target space theory are represented by 
non-normalizable operators of the form times normalizable operators in the internal 

CFT in the Euclidean worldsheet theory. (In this discussion we have neglected the tachyon 
which could be both normalizable in the Euclidean worldsheet theory and physical in the 
string theory; it is projected out in superstring.) Notice that in the AdS^ case the Euclidean 
worldsheet computations are directly related to the Euclidean BCFT computations. We 
will concentrate on the interpretation of the string theory as a Euclidean field theory. The 
rotation to Lorentzian target space then should be the standard rotation of the BCFT to 
Lorentzian signature. 

3.1. Two point functions 

Our first task will be to pick a set of non-normalizable operators in the SL{2, C) / SU{2) 
model which we will use to construct physical observables. The BCFT is a unitary CFT 
and it makes sense to analytically continue the target space to AdSs with Lorentzian 
signature metric. By the standard state-operator correspondence, a normalizable operator 
of the BCFT corresponds to a normalizable state in the BCFT in the Lorentzian signature 
space. In the regime where perturbative string theory is applicable, these states correspond 
to single particle states and multi particle states of string theory on Lorentzian AdSs x A4 . 
The worldsheet theory of the string on the Lorentzian AdS^ is the SL{2, R) WZW model. 
The spectrum of the WZW model was proposed in based on a semi-classical analysis, 
and the proposal was verified by an exact computation of one- loop free energy in [|| . The 
spectrum of the WZW model is decomposed into a sum of irreducible representations 
of the SL{2,R) x SL{2,R) current algebra. As shown in ( |1 . IJ ) , it contains the discrete 
representations ® with ^ < j < and their spectral fiow images corresponding 



More precisely, these are what "single particle" operators correspond to [13|. 
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to short strings, and the continuous representations Cj^^ C^^, with j = ^ + is for real s, 
and their spectral flow images corresponding to long strings. 

Going back to the SL{2, C)/ SU{2) model, these states correspond to the operators 

with 

j = l + ts (3.1) 

or 

1 k-1 , , 

2 < . < — . (3.2) 

and all their spectral flow images. Though operators with j = ^ + is are normalizable 
in the worldsheet theory, their spectral flow images are not. After imposing the physical 
state conditions, the only states with j = ^ + is and w = are tachyons. Neglecting the 
tachyons, we see that all the operators of interest are non-normalizable on the worldsheet 
theory. 

Though we just argued for the conditions (|3.1|) and (|3.2|) on the basis of the Lorentzian 
theory, we can make a similar argument purely in the Euclidean theory. The operators 
on the worldsheet that can correspond to good spacetime BCFT operators are those non- 
normalizable operators for which the divergences are localized at the point x which we 
want to interpret as the point where the BCFT operator is inserted. In other words, the 
"non-normalizability" of the worldsheet vertex operator should be concentrated around 
7 ~ X in target space. Indeed we saw in section 2 that if j is outside the range (|3.2| ), there 
are divergences on the worldsheet theory that are not localized on the boundary S"^. For 
j < \ these can be interpreted in the usual point particle limit, while for j > the 
divergences came from worldsheet instantons. Let us clarify the target space implication of 
the latter. Instead of the analytic regularization, one may choose to compute the two point 
function by using an explicit target space cut-off regularization by limiting the functional 
integral to be over p < po for some large value of pq. From the discussion in section 2.2, 
we expect that, if j is in the range ( |3.2| ), the worldsheet never grows large for generic 7 
and all cutoff dependence is localized near 7 ~ x^. On the other hand, if j exceeds the 
upper bound, the amplitude depends on po since the worldsheet can grow larger than po- 
So the large po dominates the functional integral and the two point function is divergent. 
The divergence is not localized in target space around the points Xi, but it is spread all 
over target space, as shown in flg. 1. Thus the two point function of the operator $j in 
the Euclidean theory makes sense as a local operator in x,x only in the region (|3.2|). One 



can nevertheless deflne the worldsheet operators outside the range (|3.2| ), via analytic 
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continuation. In this definition, one is implicitly subtracting counter-terms that are not 
localized in x. From the point of view of the worldsheet theory, there seems to be nothing 
wrong with this. In fact, operators outside (|3.2| ) are very useful for computing correlation 
functions on the worldsheet [|T9i|20| , |2T[] . However, worldsheet operators outside ( |3.2|) cannot 



be identified with local operators in the BCFT. In fact, our analysis in section 2.5 shows 
that, if one tries to exceed the upper bound in the Euclidean worldsheet theory, one is 
naturally lead to operators in spectral fiowed representations. 

The coefficient B{j) in the worldsheet two point function ( |2.9| ) given by ( |2.10|) is well- 
defined and positive for j belonging to the range (|3.2|) . In the string theory computation, 
we need to divide the amplitude by the volume of the conformal group Vconf which keeps 
the two points fixed. It cancels the divergence coming from evaluating the delta function 
5{j — j') in ( |2.9| ) at j = j', leaving a finite answer, as explained in The cancellation 



of the two divergent factors requires some care since it may leave some finite j dependent 
factor. In section 5, we will given a heuristic argument to say that the target space two 
point function comes with an extra factor of {2j — 1) as 

target 

= 0)^j{x2;Z2 = 0))) worldsheet 



-tj- \^j>,>^i5^i ^j^jX'^Zi'^z ^ )) I worldsheet fo o\ 

Vconf K'^-'^J 

(2j - l)S(j) 



Fl2 



|4i 



A more rigorous derivation of the extra factor (2j — 1) is given in Appendix A, where we 
show that this is required by the consistency with the target space Ward identities. The 
target space two point function (|3.3| ) is also well-behaved in the physical range (|3.2|). 

We can also compute target space two point functions for any spectral fiowed states; 
this will be done explicitly in section 5. We will find that they are all regular and have 
positive definite two point functions in the region ( |3.2|) . The extra factor (2j — 1) mentioned 
in the above paragraph is generalized to \2j — 1 + {k — 2)w\ when w 0. 

As shown in |^, the spectral fiowed continuous states (j = | + is) correspond to 
operators in the BCFT which have continuous dimensions. We conclude from this that 
the BCFT has a non-compact target space (at least it is non-compact in the leading order 



The target space two point function receives contribution from the internal CFT. Since this 
part is diagonal in the conformal weight, the physical state condition for the short string implies 
that we need to set j = j' to have non-zero two point function in the target space. 
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in string perturbation theory). The nature of this non-compactness was discussed in [18 
in the case of AdS^i X X where M4 = K3 or T*. In these cases, BCFT is the 
supersymmetric sigma model whose target space is the moduli space of the Yang-Mills 
instantons on M4. The non-compact directions are related to the limits where instantons 
become small. The relation between existence of the continuous spectrum in CFT and the 
non-compact directions in its target space is familiar in the case of a free non-compact 
scalar. We would like to stress that there is nothing particularly non-local about the sigma 
model with continuous spectrum. The operators corresponding to these states are local on 
the space where the BCFT is defined. This is for the same reason that an operator like 
gifcx jg Iq(.qI ^]^g worldsheet of the free scalar field X{z, z). In our case, these operators 
are the spectral flowed versions of j = | -|- is. Their target space two point function will 
be computed in section 5 and are given by 



(|.^';^(Xi)|.^J(x2))ta.,et 

.(. + /) +.(.-.'^-^^^') ra-l-H-i) ^o■-^|.-J) 



1 (3.4) 



2J™2J 



X 1 n X 



12-^12 



7(2i) r(i -j-hw + j) r(i -j + ^w-j) 

Here j = ^ + ^s, i' = | + is', the spacetime conformal weight of the operator J is given by 



k 1 /s^ + l 



and h is the conformal weight of the vertex operator for the internal CFT, whose two 
point function we assumed to be unit normalized in ( |3.4D . Equation ( |3.5| ) comes from the 
Lq = 1 condition. Unlike the case of short strings, the two point function of long strings 
does not receive the extra factor of \2j — 1 + {k — 2)w\ when we transform the worldsheet 
computation into the target space computation. Note that the term multiplying the second 



delta function in (|3.4|) is a pure phase as 

AS{s) ^ 



7rB{j) r{j-lw + J) T{j + lw-J) 



7(2i) r(l -j-^w + J) r(l -j + lw-J) 

^ r {-2is) T{^ + is-^w + J)T{{ + is + ^w-J) 

r ^ r (i - - !«; + J) r (i - + !«; + ]) 



(3.6) 



This is the phase shift that occurs when a long string comes from the boundary and back, 
which in terms of the BCFT is a small instanton becoming large and small again. 
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In summary, the singularities in the two point function are outside of the range ( |3.2| ) 
of our choice of operators. Now we can ask whether this choice removes all singularities in 
all n point functions. The answer is no. We will see however that the singularities can be 
interpreted physically and we will give a prescription for how to deal with them. In other 
words, all singularities that appear are interpretable in the BCFT. 



3.2. Three and four point functions 

The three point function has poles at js = ji+j2+'n and their permutations in j'l, j2, is- 
These poles are standard and easy to understand. They appear in all AdSd+i/CFTd 
examples ||3^,0. These poles are due to mixing with two particle states. The string 
perturbation expansion in AdS corresponds to a expansion in the boundary theory. 
To leading order in the operators are single particles and multiparticle states in AdS. 
When we compute corrections these operators can mix. The mixing is generically 
small, of order but if two operators have the same conformal weight at leading order 
in then the mixing can be of order one, since we are doing degenerate perturbation 
theory. If J3 = ji + j2 + then we have two operators with the same conformal weight, 
namely Oj^ and : 9^20 j^Oj^ : where the Oj^ are single particle operators and the derivatives 
act on both operators in such a way that the result is a primary operator under SL{2, R) x 
SL(2, R) symmetry at large A^. These two operators can mix in the subleading order in 
and the divergence in the three point function is cancelled if we take into account 
this mixing effect. 





Fig. 2: Here we see the change in behavior of the semiclassical geodesies when 
we go from the case of js < ji + j2 in (a) to the case js > ji + j2 in (b). 



It is instructive to look at the semiclassical description of this divergence. Suppose ji 
are large, then correlation functions can be computed by considering a particle of masses 
proportional to ji with trajectories that intersect the boundary at the points where the 
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operator are inserted [39|. If < ji + J2 (and the same holds for other permutations of 
123) the dominant contribution is given in fig. 2a. On the other hand if js > ji + 32 we 
cannot find a configuration where the interaction point is in the interior, the interaction 
point moves to the boundary as shown in fig. 2b. In the semiclassical approximation 
n > becomes a continuous variable. If we quantize the fields we see that n is an integer. 
This divergence is eliminated by a redefinition of the operator Oj^ which mixes the single 
particle operator with the two particle operator. That a local redefinition of the operator 
can cancel the divergence is related to the fact that the divergence is coming from the 
region close to the point on the boundary where Oj^ is inserted. 

The three point function has also a divergence at YliiJi — ^- This divergence appears 
even if all jVs are within the range (|3.2| ). From the point of view of the worldsheet theory, 
this divergence is due to instanton corrections as we saw in section 2. This means that 
the divergence appears because the worldsheet can be very close the the boundary of AdS 
with no cost in action, see figure 3. 





(a) (b) 

Fig. 3: Change in behavior of the classical worldsheet when ^ ji < k in (a) to 
the case where ^ ji > A; in (b). In (b) the worldsheet is driven to the boundary of 
AdS. 



One might think that this is a non-local effect in the BCFT. In order to remove it 
it seems that we need counter-terms which are spread all over the where the BCFT 
is defined. We would like to propose a different interpretation. The BCFT is local and 
this divergence is simply due to the non-compactness of the BCFT target space. In other 
words, we do not remove the divergence. The origin of this divergence, which we will 
explain below, suggests that only three point functions with YlJi < ^ make sense in the 
BCFT. 

In order to clarify this point, let us consider a quantum mechanical example which 
has a phenomenon very analogous to what we are dealing with. Suppose that we have 
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the quantum mechanics of a particle in a potential well, where the potential asymptotes 
to zero at infinity and it is negative at the origin, so that the system has a normalizable 
ground state wave-function ip{x) which for large x decays as ip{x) ~ g-'«a;/2_ -^^ ^j^jg system 
we can consider operators of the form Ox = e^^. The expectation value on the ground 
state of the product of two of these operators is well-defined as long as A < k/2. If we 
insert several operators and we try to compute (V'IOai (ti) ■ ■ ■ Oa„ (tn)!'*/')? we will find that 
we can only do the computation if ^ < k. In other words, there seems to be a non-local 
constraint (in time) on the operators whose correlators we can compute. The theory is 
perfectly local, and the divergence is just an IR effect in the target space coming from the 
non-compactness of the target space. It is a well-known fact that there are operators in 
quantum mechanics have a domain and a range, and some operators can take a state out 
of the Hilbert space.lll In this quantum mechanical model, there are other operators, of 
the form e*'^^ for example, which are perfectly well-defined for any real value of k. 

Our BCFT is very similar to this quantum mechanical example. It has a normalizable 
ground state, and the vacuum expectation value of discrete states with > ^ is not 
defined. There are other operators, the ones in the spectral fiowed continuous represen- 
tations, which we can consider. These operators are analogous to e^^^ in the quantum 
mechanical model. Correlation functions of these are well-defined without any additional 
constraint. Notice that the target space BCFT has a normalizable ground state, despite 
having a non-compact target space since there is a gap between the ground state energy 
and the threshold where the continuum starts due to the non compactness. 

Based on these observations, we claim that correlation functions of discrete states are 
only well-defined ifJ^Ji < ^- The expression ( |2.13| ) can be defined for Ylii^^ ^y analytic 
continuation, but it does not make physical sense as it does not represent a well-defined 
computation in the BCFT. In order to define it we need to add counter-terms that are 
spread over S"^ in target space. 

For the four point function, the singularity aX z = x (|2.32|) implies, after integrating 
over z, that there is a divergence in the four point function if Xlii* = /c -|- 1.0 So a four 
point function makes sense only for < /c -f- 1. It might be possible to extend the 

four point function to > /c + 1 by analytic continuation, but it does not have any 

immediate physical interpretation. 

As a trivial example, consider a harmonic oscillator and imagine the Hamiltonian acting on 
the state \'ip) = ^^W)- 

In an n point function we expect a divergence when ^ ji = fc + n — 3. 
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Note that we are not saying that there is a bound on the spacetime conformal weight 
of the operators we add. By using spectral flowed operators, we can compute correlation 
functions of operators whose conformal weights are as high as we like. These spectral 
flowed operators were deflned precisely to avoid the divergences associated to long strings. 

In order to stress once again that these divergences have nothing to do with non-local 
behavior of the BCFT, let us consider an example with = 4 SYM in d = 4 where this 
feature appears. Consider = 4 SYM on T'^ x S^x (time) with anti-periodic boundary 
conditions for the fermions on and periodic on T^. The supergravity solution describing 



the ground state of this theory was described in [|0], it is the near extremal black three 
brane doubly Wick rotated. It is a non-singular geometry with topology x D^, where 
is a disk whose boundary is the (we concentrate on the geometry of the radial direction 
and the three spatial dimensions of the brane). This theory has flnite energy excitations 
which correspond to placing a D3 brane at some radial position and winding on T"^ x S^. 
These are analogous to the long strings described above. They lead to divergences in 
computations of certain correlation functions, in a very similar fashion to how long strings 
lead to divergences in the AdSs case. These divergences come from the fact that there is 
a Coulomb branch that we can explore with flnite cost in energy. 

Finally let us note that, both in the AdS^ case and in the = 4 SYM example we 
have given above, we can remove the non-compact direction in fleld space by deforming 
the Lagrangian of the theory. In the AdSs case we can add some RR flelds flelds, which 
in the BCFT has the effect of making the target space compact. In the = 4 example 
we can add mass terms for all scalar flelds. 

In AdSs with RR backgrounds the continuum states become discrete and we can 
compute the correlation functions of any number of operators. If we take the limit of RR 
flelds going to zero, we will flnd that states with high conformal weight with j > 
will lead to operators in the SL(2) / SU(2) model which are spectral flowed. Similarly we 
expect that if we compute a three point function for three discrete states with "^ji < k 
the result will go over smoothly to (|2.13| ) as we take the RR flelds to zero. On the other 



hand there is no reason why the correlation function of states with > k should go over 
smoothly to ( p.l3| ) when we remove the RR flelds; in fact, we expect that the correlation 



function diverges in the limit. 
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4. Four point function 

In this section, we compute four point functions in target space by performing the 
integration over the moduli space of the string worldsheet. A four point amplitude depends 
non-trivially on the cross ratio x of the four points on the boundary of AdS^ where the 
operators Oi, ■ ■ ■ , 04 are inserted. In other words, we can use conformal invariance to fix 
the operators as 

Ttarget{x, x) = (Oi (0) O2 (x) O3 ( 1) (oo) ) . (4.1) 

Our main objective is to derive the operator product expansion by evaluating the small x 
expansion of ^target- If the amplitude J-'target{x,x) in the BCFT obeys the factorization 
condition, we should be able to expand it for |x| < 1 in powers of x as 

targetx'^t-^j / j '^ Cfarget (J. J). (4.2) 

J, J 

where (J, J) are the target space conformal weights and CtargetiJ^ J) is given in terms of 
three and two point functions as 

CtargetiJj) = (01 (0) 02 ( 1) ^ J, j(oo) ) \ {O jj{0)Os{l)O,{oo)) (4.3) 

(C'j,j(oo)C'jj(0)) 

and {Oj j} is a complete set of operators in BCFT. 

Before we start the detailed computation, let us summarize our result. We will focus 
on the case when the operators Ci, ■ ■ ■ , O4 correspond to short strings with w = 0, i.e., they 
correspond to states in discrete representations "D^ ^V'j of the current algebra SL{2, R) x 
SL{2, R). We find that, if their conformal weights ji, ■ ■ ■ , J4 obey the inequalities, 

k + 1 . . k + 1 ,^ ^, 

Ji+J2< , J3+J4< , (4.4) 



the string amplitude (|4.1|) can indeed be expanded in powers of x as (|4.3|) , and the inter- 
mediate states Oj J are either short strings with w = and in the range ( |3.2| ), long strings 
with w = 1, or two particle states of short strings. All other physical states do not appear. 
In section 5, we will show that this is because the three point functions in (^4.3| ) vanish for 
the other cases. If ( [4.4| ) is not obeyed, then there are terms in the x expansion that cannot 
be interpreted as coming from the exchange of physical states. We explain at the end of 
this section that this is due to the non-compactness of the target space of BCFT, and it 
is the physically correct behavior. For CFT's with compact target spaces, the operator 
product expansion ( ^73|) should always be valid. In our case, we expect it to hold only if 
is obeyed. Now we proceed to explain these statements in more detail. 
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4.1. The four point function in the SL {2, C)/ SU {2) coset model 

Each spacetime operator is associated to a worldsheet vertex operator Oi{x,x) — > 
/ d'^z^i{x, x; z, z;). If we want to calculate the spacetime four point function J-'target^ we 
should calculate the four point function J-'woridsheet of the corresponding worldsheet vertex 
operators and integrate it over their positions. Using worldsheet conformal invariance, we 
can fix the worldsheet position of three of them, and the worldsheet correlator depends 
only on the cross ratio z. So we need to compute 

target (-^j 2^) J" d Z J' worldsheet(^Zj •^j (^■^) 

There are two factors that contribute to the worldsheet correlation function as, 

), (4.6) 



where Tsl{2) is the correlation function of the SL{2, C)/ SU{2) coset model and JF, 



internal 



is that of the internal CFT.H 

A closed form expression of J^sl{2) is not known for generic values of ji, ■ ■ ■ , j4 for 



the external states. We will use an expression for it given in [^, which involves an 
integral over a continuous family of solutions to the KZ equation ( 2.28|) . Let us review 
the derivation. The KZ equation ( |2.28| ) has an infinite number of solutions reflecting the 
fact that the Hilbert space of the SL{2,C) / SU{2) model is decomposed into inflnitely 
many representations of SL{2,C). It turns out that there is a unique combination of 
these solutions that satisfles the factorization properties on the worldsheet, i.e., the z 
expansion of the amplitude should be expressed as a sum over normalizable states when 
all four external operators, labeled by ji, ■ ■ ■ Ja, are also normalizable (or close enough to 
normalizable). It was shown in that the Hilbert space of the SL{2, C) / SU {2) coset 
theory is a sum of the representations with j = \ + is (s: real, > 0) with the conformal 
weight A(j). Therefore it is reasonable to expect that the four point function is a sum of 
products of the conformal block J-'j{z, x) of the form 

oo 

Tj[z, x) = ^A0)-A0i)-A02)^j-ji-j2 ^ /^(x)^". (4.7) 

n=0 



20 



In general Tworidsheet could be a sum of such products. 
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Substituting this into the KZ equation, one finds that fo{x) has to obey the hypergeometric 
equation in x with two hnearly independent solutions 



F{j - ji + 32,3 + h - i4, 2j; x) 

(4-8) 

or x^ ^-^^(1 - j - ji + j2, 1 - i +i3 -i4,2 - 2j;a;). 

As we will discuss below, we need both solutions to construct a monodromy invariant four 
point function. Taking into account the factor x^~^^~^'^ in (^4.71 ), one sees that the two 
solutions in ( [4 .81 ) are related to each other by the reflection j 1 — J, or s ^ — s if we 
write 3 = \ + is. Therefore, instead of requiring s > and use both solutions, we can 
allow s to be any real number and always pick the flrst solution in ( [4.8D . 

It was shown by Teschner that, for generic values of j, all other fn{x) (n = 1, 2, ■ ■ ■) 
are determined iteratively by the KZ equation once we flx fo{x) as the initial condition at 
z —>■ 0. They take the form 

oo 

fn{x)= ^nmX"^. (4.9) 



Therefore, by demanding that fo{x) is given by the flrst solution in ( [4.8|) , we can uniquely 
determine J-'j as a solution to the KZ equation. Note that, unlike ji, ■ ■ ■ , j4, the parameter 
j does not appear in the KZ equation ( |2.28| ) , but it is used as a label of the solution of the 
KZ equation whose small z behavior is as in ( |4.7| ). 

The full four point function J^sL{2){z, x) is then given by the worldsheet factorization 
ansatz [21| as 

^SL(2){z,z]x,x)= j dj C{3)\J^j{z,z]x,x)\'^, (4.10) 
where the normalization factor C(j) is given by 

C{3) = C{3i,j2,3)^C{j,js,M) (4.11) 
where C{ji, j2, js) and B{j) are deflned in ( p.l4| ) and ( |2.1C1| ). The integral is over j = ^+is 



with s E R. As we mentioned, the j integral covers both solutions (|4.8|) because of the 
reflection symmetry j 1 — j of the integration region. As shown in ||2^ , including both 
solutions is necessary in order for the four point function to be monodromy invariant around 
X = 1 and oo. In appendix B we argue that the integral over j in ( [4.10|) is convergent. 
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k-jj-j2+ n 









1/2 (k-l)/2 k-2+1/2 

Fig. 4: The solid line indicates the integration contour for ( [i.lO| ) in the j complex 
plane. We highlighted the location of some poles in C{j). Here all external ji are 
of the form ji = ^+isi. There are similar poles with ji, j2 33-, 3a-, there are also 
some other poles that will not be important for our purposes. 



U,-J2 



- n 



k-ji-j2+ n 



ji+j2 + ^ 



1/2 (k-l)/2 k-2+1/2 

Fig. 5: The solid line indicates the integration contour after we analytically 
continue (4.10) in the external ji. Some poles of the form |ji — J2I —n have crossed 
the integration contour so we should include their residues. There are similar 
poles with j3 , j4 . We separated the poles along the imaginary direction for clarity, 
although they are all along the real axis when ji are real. 



The expression (|4.10|) is valid if all external labels ii,---,i4 are close to the line 
3 = \ + is. The expression for other values of ji, ■ ■ ■ j4 is defined by analytic continuation. 
When we do this, some poles in the integrand cross the integration contour. The four point 
function is then ( [4.10| ) plus the contribution of all poles that have crossed the integration 
contour. We need to know the pole structure of C{j) and J-'j{z,x). As we discussed in 
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earlier sections, the three point function C(ji, j2, j) in ( [4 .111 ) has poles at 



J = 1 - ii - j2 - jp, ji + 32 + ip, Hh - h) - jp 

where jp = n + m{k — 2), — (n + 1) — (m + — 2), (n, m > 0) 



(4.12) 



To compute the correlation function of short strings with w = 0, we need to analytically 
continue ji, • • • , j4 from the line ji = ^ + is to the interval ^ < ji < on the real axis. 
The poles that cross the contour of the j integral in ( ^I.IU ) are of the form 



j = \ji-j2\-n, n = 0,1,2, 



(4.13) 



with j > i. There are similar poles in C(j, 73,74) at 



j = lis - i4| 



n = 0, 1,2, 



(4.14) 



There are no poles in B{j)~^ and J^j that cross the contour when we do the analytic con- 
tinuation. Therefore, after the analytic continuation in ji, ■ ■ ■ , J4, the correlation function 
^SL(2) is defined by the integral ( |4.10|) plus the contribution from the poles at ( |4.13| ) and 
( [4.14| ). Stated in another way, the contour of the j integral is deformed from the line 
j = \ + is to avoid these poles. See fig. 5. 



\JrJ2 I - " 
\jrj2 I - " 
\j3-j4 I -'^ 
\j3-j4 I - " 



Poles 



Poles2 



Jj + j2+ n 
k-J3-J4+ n 



1/2 



k-2+1/2 



(k-l)/2 

Fig. 6: We shifted the integration contour to j = ^ — ^ + is. We picked up 
contributions from Polesi and Poles2. This figure represents the case when ji+j2 < 
^ and J3 + j4 > |. 
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This completes the specification of J^sl{2){^-)^)' The next task is to multiply the 

factor internal 

[z, z) coming from the internal CFT and integrate the resulting expression 
over the z plane as in ( |4.5| ). We will find it useful to deform the contour of the j integral. 
We will deform the contour of the j integration in ( [4.10|) within the region 

\<Rej<^. (4.15) 

In this process, we will pick up poles in C(j) and Tj, so it is useful to list them here. 
Among the poles (|4.12|) in C(j, ji,j2), the relevant ones in the region (|4.15|) are of the 



form 

Polesi : j = ji + j2 + n, 

Poles2 : i = k — ji — j2 + n (4.16) 
n = 0,1,2, 

Here we are assuming that ji,j2 are in the physical range | < Ji,j2 < Note that 

( [4.15|) imposes a constraint on allowed values of n in (|4.16|) . The poles (|4.13|) are also in 



the region (|4.15| ), but the contour of the j integral is defined to avoid these poles, as we 



discussed in the previous paragraph, see fig. 6. There are similar poles in C(j, js, J4) given 



by exchanging ji,j2 ^ JstJa- From (|2.10|) we can see that 1/B{j) has no poles in the 
region ( [1.15|) . 

One may also ask if there is pole coming from the conformal block J-'j. It turns 
out that there is no such pole in the region ( [4.15|) . This has been shown in |j21[] using 



properties of the Kac-Kazhdan determinant. To see this explicitly, it is useful to rearrange 
the expansion ([4.7|) as 



00 



Tj{z,x) = xMj)-A{n)-AU,)+j-n-n ^AOVAO^-AO^) ^ g^(u)x"', (4.17) 

where u = z/x. This expansion will also be used in the next subsection to evaluate the z 
integral in the region where \z\ < 1. If we substitute this expansion in the KZ equation, we 
find that the first term go{u) in the expansion should obey the hypergeometric equation 
in u. The solution which agrees with the initial condition ( f4.7| ) for small z is 



go{u) = F{ji + j2 - i, is + -j,k- 2j; u). (4.18) 

By looking at the standard formula for the Taylor expansion of the hypergeometric func- 
tion, one can check explicitly that gQ{u) has no poles in the region (|4.15| ). Given that go{u) 
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has no poles, we can prove inductively that the same is true for all Qmiu), m > 1. The 
proof of this statement is given in Appendix B. 

In the following subsections, we consider the case |a;| < 1 and expand the expression 
( [4.10|) in powers of x. We will then integrate it over z. We will not impose a restriction on 
z since we must integrate over z to obtain the physical string amplitude. We will divide 
the range of z into two regions: 

Region I : 1^1 < 1 
Region II : 1^1 > 1. 



Since J^sl{2){z, x) has the singularity ( ^.321 ) at z ~ x, one may consider dividing the region 



I further into two regions where < \z\ < \x\ and |x| < \z\ < 1, but it turns out to be 
unnecessary to do so as we shall see below. 

4-2. Integral over the region I 

To integrate the four point function over the region I, it is useful to define the variable 
u = z/x and use the expansion ( ^.17| ). We will mostly concentrate on the first term go{u) 



of the expansion. As we mentioned, the KZ equation implies that the first term go{u) 
obeys the hypergeometric equation whose solutions are Fj{u) and Fk-i-j{u), where Fj is 
defined by, 

=-F(a, 6, c; u) 

(4.19) 

a =ji +j2-j, b = js+j4^-j , c^k- 2j. 

At w = 1 these solutions behave as ci + C2{u — where the coefficients ci, C2 are 

both non-zero for generic values of ji, ■ ■ ■ , J4. It is therefore clear that the first solution 
( [4.19| ) on its own is not monodromy invariant at w = 1. For a given j, there is a unique 
monodromy invariant combination given byliil 



Gjn{u,x) 



^A(j)-A(ji)-A02)+J-ji-j2^A(j)-A(ji)-A(j2) 



(\Fjiu)\^ + X\u'-''Fk-i-jiu) 



2 



X 



(4.20) 



where 



7(c)^7(a-c+ 1)7(6- c + 1) 

(1 - c)27(a)7(6) ' ^ ■ ^ 



Note that j is not complex conjugated in this expression. In other words \a{j)x-^^-'^\'^ 
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and 7(x) is given in ( |2.11|) . The subindex is there to remind us that we are examining 
the first term in the x expansion in (|4.17|) . It is useful to note that we can write it as 



C{j)Gj,o{u) = C{j)\Tj,o{u,x)\'' +C{k - 1 - j)\Tk-i-j,o{u,^)\'', (4.22) 

where 

JT,- o(w, X) = a;A0)-A0i)-A02)+i-Ji-i2^A(i)-A(ii)-A(i2)^^.(^)^ (4 23) 

is the first term in the x expansion of J^j in ( [4.17| ). We can show ( [4.22| ) by using the 
identities, 

Cik-l-j) = XCij), 

A{k-l-j) + {k-l- j) = A{j) + j, (4.24) 
A{k-l-j) = A{j) + l~c. 

The problem with the monodromy invariant combination ( |4.2CI| ) is that it does not 
satisfy the small z expansion condition ( [4.7|) because of the factor u^~^ in the second term 
in the parenthesis. On the other hand, the solution ( ^.19| ) satisfies the expansion ( [4.7| ) 
but is not monodromy invariant around z = x. This puzzle is resolved by performing the 
j integral. We can show that, after the j integral, the amplitude ( [4.10| ) is monodromy 
invariant. To see this, we need to deform the contour from j = ^+ is to j = ^+ is + 
see fig. 6. The new contour is such that, if it includes the point j, it also includes the point 
k — 1 — j. Therefore we write the integral of the solution ( 4.19|) as ^ of the integral of the 



monodromy invariant combination Gj^iu, x). As we deform the contour, we pick up some 
residue contributions from the poles at (f4.16| ) . It turns out that each of those contributions 
is monodromy invariant by itself. This can be seen by noting that, for the values of j in 
( [4.161) , the coefficient A in ( |4.20|) vanishes. More specifically, we find that the contributions 
from Polesi in (|4.16| ) are non-singular aX u = 1, while those of Poles2 in ( ^4.16| ) contain only 



the singular solution at w = 1, and therefore both are monodromy invariant by themselves. 
We can now express ( [4.10|) in the manifestly monodromy invariant form as 



/ 



djC{j)J^j{z,x) = 

/ C(j)J-'j(z, x) + (contribution from Polesi and Poles2) (4 25) 

dj C{j) Gjfi{u, x) + • ■ • + (contribution from Polesi and Poles2), 



1 
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where the dots represent higher order terms in the x expansion. It is convenient to combine 
the integrand into the monodromy invariant form Gjfi{u, x) given by (|4.20|) because, in the 



foUowing, we wiU perform the z integral before the j integral. (We will be careful about 
justifying the exchange of the j integral and the z integral by regularizing the z integral.) 
In conclusion, we have shown that after integrating over j, Teschner's expression ( [4.101 ) 
for the four point function is monodromy invariant around z = x. 

The contribution from Polesi is of the form x^~^^~^^ f{z,z) with j = ji + j2 + 
Since the integral of f{z, z) times J-'internai{z, z) is independent of x, we conclude that the 
conformal weight of the intermediate states is J = j = ji +j2+'n. These conformal weights 
can be identified with the conformal weights of two particle contributions. In other words, 
when we compute the spacetime operator product expansion, the intermediate operators 
could be two particle operators. There can be other contributions with these quantum 
numbers in the intermediate channel which come from two disconnected sphere diagrams 
in string perturbation theory. The z integral of this contribution contains divergences at 
small z. They are canceled by another contribution which will be discussed later. 

If ( [4.4| ) is satisfied, ( |4.25D does not receive any contributions from Poles2 in ( [4.161 ). 



Before we perform the integral over the z plane, we need to multiply J^sl{2){z, x) by 
a four point function inter nai{z, z) of the internal CFT. In region I, i.e., 1^1 < 1, we can 
expand J^i^t ernal ^'S 

•F internal 

{z,z)=Y^z'^-^^-^-z^-^^- 

^internal {h,h), (4.26) 

h,h 

where the coefficient is given by 

^internalih^ ^) — C internal {h I ■, /i25 ^) r i T \ ^internal ih,hs,h^), (4.27) 

^internal \ "") 

and B and C are given by the two and three point functions of the internal CFT. 

Now we are ready to integrate J^woridsheet = Fsl{2) x ^internal over z in region I, 
namely over the region \u\ < One problem is that this integral might diverge at 

w = 0. This would not be a problem if we were actually integrating J-'woridsheet since we 
can remove the divergence by analytic continuation, which is the standard procedure in 
string theory computation. The problem arises if we try to do the z integral before the j 
integral in ([4. 101 ) since these two integrals may not commute if there are divergences. In 
fact, it is necessary to keep track of these possible divergences and to be careful about the 
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exchange of the z and j integrals in order to recover the correct pole structure. The two 
integrals commute if we regularize the z integral by introducing a cutoff e and integrate 
over e < |tt| < |a;|~^. We will keep track of the e dependence and send e — > after we 
perform the j integral. In practice, what we do is first integrate over the whole u plane 
and define the integral by analytic continuation. We then subtract the contributions from 
1^1 < e and < \u\. If we use the same analytic continuation technique to evaluate the 

integrals over these three regions, the result after the subtraction of the two contributions 
gives the regularized integral over e < \u\ < \x\~^. 

(1) Integral over the whole u— plane 

Let us start with the integral over the whole u plane. 

Rl = J dz'^T SL{2)^ internal 

/oo 
d3C{3)C,r.ternal{Kh) ^ 
hti m,m=0 

The first term in the x expansion is given by 
where 

d = A{j) + h-l, d = A{j) + h-l. (4.30) 
This integral can be done using the formula (C.l) in Appendix C. We find 



(4.28) 



(4.29) 



Rl = Cinternalih, h) I dj C{j) x'^^^'^'-^^ x'^^^'^''^^ X 



_ ■-+iR 

TT T{d)V{a-d)V{h-d)V{l-c + d) 7(c) 



+ 



2 r(l - d)T{l - a + d)T{l -h + d)T{c - d) ^{a)-f{b) 

(4.31) 

where the dots indicates terms with higher integer powers of x, x. By looking at the powers 
of X, X, we can read off the conformal weight of the intermediate states as 

J = d + j = A{j)+j + h-l = j + + h-l, (4.32) 
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where j = + is and a similar expression for J obtained by replacing h ^ h in ( [4 .321) . 
We conclude that ( ^4.31J ) represents the contribution of long strings with winding number 
w = 1 in the intermediate channel. In section 5, we will show that the coefficient in ( [4 .311 ) 
is precisely what we expect from {\i.2\j and (^4.3|). 



The subleading terms -T,.^ ^ with {m,m) ^ (0,0) in the x expansion (|4.28|) , repre- 
sented by the the dots in ( [4.31| ), are identified as coming from the global SL{2, R) xSL{2, R) 



descendents of the long strings considered above. Indeed their Jq and Jq eigenvalues are 

= J + m , = J + rfi (4.33) 

with J as in ( [4.32| ) . In principle, there could be new contributions from conformal primary 
fields with these quantum numbers, but they seem hard to disentangle from the descendent 
contributions. 

(2) Integral over |m| < e 

From the integral ( ^.28| ) that we just computed, we need to subtract contributions 
from |w| < e and from < \u\. Here we will evaluate the integral over |w| < e. As in 

the case of i?i ( |4.28| ), let us focus on the leading term in the x expansion in ( ^4.17| ). The 
integral we need to evaluate is 

-V /" dj C{j) antiKh)x'^+'-''-''x^+'-''-'' I (fuu'^-^u^-^\F{a,h,c-u)\^. 

(4.34) 

Here we used the reflection symmetry j^k — l— joi the contour at -\-is {s : real) to 
combine the two terms in ( [4. 20] ) into one. We can carry out the u integral by expanding 
F(a, 6, c; u) in powers of m. 



u'^-^u'^-^\F{a,h, c;w)|2 

u\<e 
oo 



y 



_^2(d+n) ^ 



(4.35) 



_ „ (i + n 

r(a + n)r(6 + n)r(a + n)r(6 + n)r(c)2 

"+'''"+'^ r(a)2r(6)2r(c + n)r(c + n) ■ 

Note that the condition /i + n = /i + n is imposed by the angular integral over u. In order to 
take the limit e ^ 0, we move the contour to j = \ -\- is with s : real. There the exponent 
d + n of e is positive (if we ignore the tachyon) since 

s^ + - 

d + n = - — ^ + h + n-l. (4.36) 
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Thus the contribution from the contour integral along j = ^ + is vanishes in the limit 
e — s> 0. This does not mean that the original integral (f4.34| ) vanishes in the limit e — 0. 
As we are going see, the integral picks up pole residues as we move the contour from 
j = + is to j = ^ + is. 

There are four types of poles that contribute when we deform the contour of the j 
integral in (|4.34|) from j = + zs to ^ + is. The first type of poles comes from the zeros 



of (i + n in ([4 .351) . At the pole, we have 



d + n^- ^^i ^^ +/i + n-l = 0. (4.37) 

The X dependence of the pole contribution is x^~'^~^^~^'^ so that the spacetime conformal 
weight of the corresponding operator is J = j — n. We can identify this state as coming 
from a particular current algebra descendent of a w = short string representation of the 
form 

{JZ,nJZ,f\3,3) (4.38) 

in the SL(2, R) WZW model times an operator of dimension h, h in the the internal CFT. 
In fact ( [4.37| ) is the Lq = 1 condition for such an intermediate state. The Lq = Lq 
condition follows from the condition h + n = h + n in ( [4.35|) . In section 5, we will check 
that the coefficient in (^4.34| )( ^735| ) evaluated at the pole ( [4. 371 ) exactly agrees with what 



we expect from the operator product expansion (^.2|), (^7^). The states in ( |4.38| ) are 
global SL{2,R) x SL(2,R) primaries, although those with n > 1 are descendents of the 
current algebra. Higher order terms in the x expansion (|4.28|) produce terms which have 



the quantum number of descendents of the states in ([4. 381) under the global SL{2,R) 



X 



5'L(2, R). Note that due to the fact that we only shifted the contour within the range ( [4.15|) , 
the values of j of these discrete state contributions to the OPE are naturally bounded by 
( [4.15|) . This reproduces the constraint on the spectrum of the short string found in [^||. 

The second type of poles are at j = ji + j2 + (n = 0, 1, 2, ■ ■ ■). These cancel the 
e dependence of the contribution from Polesi that emerged when we originally moved the 
contour from j = ^ + is to + is. Thus the net result is that we can compute the z 
integral for the contribution from Polesi by the standard analytic continuation method. 
The resulting contribution can be interpreted as a contribution to the OPE from two 
particle operators. 

Similarly the third type of poles are at j = k — ji — j2 + n {n = 0, 1, 2, ■ ■ ■) cancel the e 
dependence of the contributions from Poles2. These poles do not appear if (|4.4| ) is obeyed. 
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Finally the fourth type of poles are at j = \ji — J2I ~ In the original contour 
of ( [4.1C1| ), we avoided these poles since they crossed the contour when we performed the 
analytic continuation in ji, ■ ■ ■ , J4. We now pick up contributions from these poles since 
we have to move the contour all the way to the line at j = ^ + is. The contributions 
from these poles have explicit e dependence. We believe that these should be explicitly 
subtracted. 

All that we said regarding ji, J2 should be repeated for J3, J4. 

To summarize, the integral over |w| < e reproduces the exchange of short string states 
with w = and mixing with two particle states. These are the only contributions to the 



integral as long as (|4.4|) is satisfied 



(3) Integral over \u\ > \x\~'^ 

Finally let us evaluate the integral over \u\ > and subtract it from Ri. It is 

convenient to use the expansion of ( [4.20| ) for large u. It is given by 



^ A (i) - A (ji ) - A O2 ) +j -ji -i2 ^ A ( j ) - A ( ji ) - A ( j2 ) 



z \ j-31-h 

X 



F j2 - i, ji + j2 - A; + j + 1, jl + j2 - js - J4 + 1 



X 



+ ((ii,i2) ^ (is, 74) 



+ 



(4.39) 



Note that this is the large u expansion of the leading term ( [4.20|) in the x expansion in 



region I (|4.17|) . The large u expansion of the full solution KZ solution is different and will 



be discussed later when we study the integral in the region II. In (|4.28[ ) , we integrated this 
leading term over the whole plane. Thus we need to subtract the integral over \u\ > \x\~^ 
using the same integrand to obtain an approximate expression for the integral of the full 
solution of the KZ equation over \u\ < \x\~^. Using ( [4.39|) , we find that the integral gives 
terms of the form, 



X 



A(j)+h-l+j-ji-j2^Aij)+h-l+j -ii -j 



X 



du u 



2„d-l-d-l 



U 



u\>\x\ 



"■i7"'l9)|2(j-Ji-J2) 



"■^/"■U,|2(j-J3-j4) 



(4.40) 



jz + J4 -31 -32 ^-n ^jz +34 -jl -32 +ri 
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for some an,n, bn,n, CLn,n and 6n,n- From the exponents of x, we see that these terms aU have 
the form of two particle contributions. It seems possible that we could shift the contour of 
integration in j to a region where it becomes convergent. This shift might produce extra 
contributions, but they all have these powers of x and therefore will be of the form of two 
particle exchanges. 

This completes the evaluation of the z integral in region I. 

4.3. Integral over region II 

It remains now to do the integral over the region II. In this region, we can expand any 
solution of the KZ equation as 

F{z,x)r~.x''Y.9m{z)x'^- (4.41) 

m=0 

Substituting this into the KZ equation, we find that a = or a = J3 + J4 — ji — j2- This 
means that the full contribution from this region is interpreted as two particle contribu- 
tions. In this region, we also have to expand the internal part in a different way. But in 
any case the x dependence is just that of the two particle contributions. 

Thus we have completed the computation of the integral over the z plane with the 
results summarized at the beginning of the section. The intermediate states in the small x 
expansion are identified and are found to be consistent with the operator product expansion 
in BCFT interpreted in the standard way as in ( [4.2|) , provided ( [4.4| ) is satisfied. Note that 
as long as ( [4.4| ) is satisfied the three point functions that appear in the factorization on 
intermediate discrete states automatically obey the constraint < ^- This is consistent 
with our previous statement that only those three point functions make sense in the theory. 

4-4- When the OPE does not factorize 

Let us now discuss what happens when (f4.4| ) is not satisfied. In this case, besides the 



terms we discussed above, we get contributions from the residues of Poles2 in (|4.16|) . If 
we were to read off naively the dimension J of an intermediate operator from the power 
of X appearing in these contributions, we would find J = k — ji — j2 + n (or a similar 
expression with js^j^j. For generic values of /c, ji, ■ ■ ■ , J4, there is no physical operator with 
this value of J. Therefore these contributions do not have an interpretation as exchange of 
intermediate physical states as in . Their presence signals a breakdown in the operator 
product expansion. 
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One may naively interpret this as saying that we need to include more physical states 
in the theory. We claim this is not the correct interpretation. Instead we propose that, 
in this case, the operator product expansion is not well-defined in the target space theory. 
This is due to the non-compactness of the target space of BCFT. To clarify this issue, it 
is useful to go back to the simple quantum mechanics example we gave in section 3.2, i.e., 
that of a quantum particle moving in a one-dimensional space with coordinate x under a 
potential that is zero for |x| ^ 1 such that the wave- function of the ground state decays 
as {x\0) = 'i/j{x) ~ e~'5'^ for large x. In these circumstances, we consider the operators 
0,{t) = e^^^(*) and try to evaluate their correlator (0104(^4)03(^3)02(^2)01 (ti)|0). This 
correlation function is well-defined if ^ < k. Now we can try to perform the OPE when 
ti — > t2 and — > t^. Naively one may expect to find normalizable (and also continuum 
normalizable) states running in the intermediate channel. It is easy to see that this will be 
the case only if Ai -f A2 < f and A3 -f A4 < These conditions are analogous to ( [4.4|) . If 
these conditions are not obeyed, the intermediate state is not in the Hilbert space of the 
theory. In other words, the product O1O2 maps the state |0) outside the Hilbert space. 
This is effect is not a UV divergence; rather it is an IR divergence in the target space of 
the quantum mechanical system. 

These contributions from Poles2 that we are discussing are important for reproducing 
the general properties of the amplitude that we explained in section 3. The four point 
function should have a pole at ji — k = 1. This pole is absent from all the terms in the 
amplitude that can be written as ( [4.3| ). But it is present in the term coming from Poles2, 
as it can be checked explicitly by performing the integral over z for the Poles2 contribution. 
Note that (|4.4| ) cannot be obeyed if we are at the pole at — /c = 1, so we definitely 
have Poles2 contributions in this region. 

Note that we have assumed that all the j's involved in the computation of the OPE are 
generic enough so that there are no coincident poles. Coincident poles can produce terms 
involving log x . These were studied in [p7| , |38[| , and they have the same interpretation here 
as they had in their case. 



5. Two and three point functions with spectral flowed states 

In the last section, we have shown that the four point function of short strings with 
w = is factorized into a sum of products of three point functions. We found that 
the intermediate states are long strings with w = 1, short strings with w = 0, and two 
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particle states. These intermediate states are identified by evaluating the a;-expansion of 
the amplitude and by comparing exponents of x with the spectrum of physical states of the 
short and long strings. One of the purposes of this and the next sections is to prove that 
the coefficients in the x-expansion are what we expect from the factorization of BCFT. 
To this end, we need to compute two and three point functions involving spectral fiowed 
states. We will also explain the origin of the constraint on the winding number violation. 
In appendix D, we will use the representation theory of the SL{2, R) current algebra to 
show that two short strings with w = can only be mixed with short strings with w = 0,1 
or long strings with w = 1. This almost accounts for the winding number violation rule 
we saw in the factorization of the four point function, but leaves out the question of why 
short strings with w = 1 do not appear in the intermediate channel. In this section, we 
will show that, if we normalize the vertex operators so that their target space two point 
functions are finite, the three point function of two short strings with w = and one short 
string with w = 1 vanishes identically, thereby explaining the additional constraint on the 
winding number violation. We will also discuss other aspects of these correlation functions. 

In |jl|], it is shown how to construct vertex operators for the spectral fiowed represen- 
tations. This can be done most easily in the m basis, where the generators (Jg , Jq) 
the global SL{2,C) isometry are diagonalized. On the other hand, in ( |2.9| ) and ( p.l3|) , 
we used the x basis to express the two and three point functions. Therefore, to compute 
correlation functions involving spectral fiowed states, we first have to convert ( |2.9| ) and 
( p.l3| ) into the m basis, perform the spectral fiow operation as described in and then 
transform the result back in the x basis. 

One thing we need to be careful about in this procedure is that the spectral fiow 
changes the way the global SL(2, C) isometry acts on states since the currents are trans- 
formed as 

4 = J^^^ Jl = Jl + \w. (5.1) 

For example, consider a representation of the current algebra whose worldsheet energy Lq 
is bounded from below. {VJ=^ and CJ"^^ are an example of such representations, but 
here we do not assume that the lowest energy states of the representation makes a unitary 
representation of the global SL{2,R).) We then pick one of the lowest energy (Lq) states 
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satisfying 



n = 1,2,3, 



J^\ij)=m\i;) 



(5.2) 



If m = ±{j+n) for a non-zero integer n, the state belongs to the discrete representation 
with respect to the SL{2, R) algebra generated by Jq. Otherwise it is in the continuous 
representation Cj,a, where m = a (mod integer). il If w is positive, the same state 
seen in the spectral flowed frame (|5.1|) as obeying 



IS 



, Jn' 



k 

m H — w 
2 



(5.3) 



m 



^ )^ — 



T m+kw/2 



X- 



J = m-i-kw/2 



Fig. 7: Under the spectral flow, a global SL(2,C) descendant of spin Jq = m 
among the lowest energy states in VJ~^ or CJ~^ turns into the lowest weight state 
of the discrete representation with J = m + ^w. The figure shows the flow of 
piu=o_ The resulting operator is denoted by $^j(x,z). 



With respect to the global SL{2, R) algebra generated by Jq the state is the lowest 
weight state of a discrete representation dj with J = m + |w, independently of whether 
1-0) was in d^ or Cj,a of the SL{2,R) algebra generated by Jq. Similarly, spectral flow 
with w < Q turns \tl)) into the highest weight state of d'^ with J = — m + In our 

Here j is what we called j in Q . 

We are using the symbols and Cj^a to label representations of an SL(2, R) algebra, to 
distinguish them with the representations of the full current algebra. 
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physical application we identify the SL{2, R) algebra generated by Jq with the spacetime 
isometries of the background, and the global SL{2) symmetries of the BCFT. In what 
follows we will indicate by J and M the global SL{2) spin and Jq eigenvalue respectively. 

The transformation between the x basis and the m basis is carried out as follows. 
Consider an operator $j x) in the x-basis, with the spacetime conformal weights (J, J). 
In general, the difference [J — J) has to be an integer in order for their correlation functions 
to be single-valued in the x space, and we will consider such cases only. The integral 
transform 

^j,M-J,M = I 0x^-^x^"-^$,,j(x,x), (5.4) 

turns the operator into the M basis where M and M are eigenvalues of Jq and Jg , respec- 
tively@ Note that (M, M) are not necessarily complex conjugate of (J, M). Since (J — J) 
is an integer, the integral vanishes unless (M — M) is also an integer and we will assume 
this in the following. 

In practice, the x integral in ( |5.4| ) is carried out after computing correlation functions 
and using analytic continuation in the variables, J, M, ■ ■ -. When J is real, we have to keep 
in mind that the x integral gives poles at M = J + n and M = J + n, with non-negative 
integers n, n. We will see this explicitly in the two and three point function computations 
in the following.!!! These are precisely the values at which the operator ^j^m;J,m belongs 
to a discrete representation dj d'j of the global SL{2, R) x SL{2, R) symmetry. In such 
cases, we have to keep track of this additional divergent factor. There are also similar 
poles when M = —J — n, M = —J — n, with non-negative integers n,n and they form 
dj (S> (ij. We will call the poles with positive M as "incoming states" and the poles with 
negative M as "outgoing states". In this way, we see that the single operator $j j in the 
X basis gives rise to both dj and dj, depending on the value of M we choose in evaluating 
the integral transform ( ^.4|) . 

Correlation functions of spectral flowed operators are then evaluated as follows. We 
start with n point correlation functions in the w = sector, which are known for for 
n = 2, 3, and 4. We perform the integral transform ( ^.4|) to turn them into expressions 

We reserve the small case letters m, fh to denote eigenvalues of Jq, Jq in the = sector, 
i.e., for states before we perform the spectral flow. 

Although there are two conditions on M and M, the pole is only in one variable of the form, 
(M + M — J — J — n — n)^^ . The second condition is imposed by the angular integral in the 
x-space. 
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in the m basis. We then act the spectral flow operator to flnd expressions for w ^ (as 



described in detail in the following subsections). Finally we use (|5.4|) to transform the 
expressions back into the x basis. 

Alternatively one can perform the spectral flow operation directly in the x basis. In 
the case of w = 1, the spectral flowed operator $^ j^'-' (x, 2) is constructed from ^j{x,z) 
in the w — sector as 

$^jf'\x,z)^Ymie^e'^ I d^yy^-^-'y^-^-'^j{x + z + e)^k/2ix, z). (5.5) 

Here we put ^ on the spectral flowed operator since its normalization is different from the 
one naturally deflned by going through the m basis as described in the above paragraph. 



In Appendix E, we will prove that ( p.5|) in fact deflnes the spectral flowed operator by 
showing that it has the correct operator product expansions with the currents J^'^. We 
will then use ( |5.5| ) to compute their two and three point functions. 

In this section, we will use the spectral flowed operator defined through the m basis. 
This approach has an advantage of being able to treat all values of w simultaneously. 

5.1. Two point functions 

Let us start with a two point function in x space for generic values of J, J. The two 
point functions in the following typically take the form, 

i^jjM^jjM) = (5.6) 

Xi2 



where we have suppressed a possible z dependence. Performing the integral using the 
formula (C.5) in Appendix C, we find 



\ j,M.j,M j,M ,j M / V ^r(2j)r(i- j + M)r(i- j-M) ^ ' ^ ^ ^ 

The delta function 5^(M) the standard delta function for the sum (M + M) and the 
Kronecker delta for the difference (M — M), which is an integer. Using the formula 
r(x)r(l — x) = TT / siuTTx and the fact that (J — J) and (M — M) are both integers, one 
can check that the expression ( |5.7| ) is symmetric under exchange of (J, M) and (J, M). 

Conversely, if we are given the expression ( p.7| ), we can turn it back into of the form 
( p.6| ) in the x basis. To do this, it is not necessary to know the expression for all possible 
values of M, M. For example, the expression (^]^) has a pole at M = J and M = J, and 
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the residue is equal to -D( J, J) times a simple factor. Thus it is sufficient to know the pole 
residue there in order to recover the x space expression (|5.6|) . Similarly we can reconstruct 
( ^■6|) from the residue of the pole at M = — J and M = —J. In the following, we will 
encounter such situations. 

We now consider the two point function of w = states given by (|2.9|) and convert 
it into a two point function with w 7^ states. As we mentioned, we first turn the 
expression into the m basis, perform the spectral fiow, and then transform this back into 
the X basis. In transforming the second term (|2.9| ) into the m basis, we can use ( |5.7| ) with 
D{j,j) = 6{j — j')B{j); the x integral of the first term is easy to do directly. In the m 
basis, it is straightforward to apply the spectral flow. As explained in [Q, the only change 
in the two point function is that the power of z is modified in an m dependent fashion 
refiecting the change in the worldsheet conformal weight, 

k 

A{j) A{j) -wm- -w^, (5.8) 

without any modification to the coefficient. We should also remember that the assignment 
of the global SL(2,C) charges is changed according to the discussion after ( |5.1[ ). To 
perform the spectral fiow explicitly, we bosonize the current as = i^J^di^ and write 
an operator with charge m as 

^j,m ~ e^^^v^^^,, ^. (5.9) 

The operator V'j.m carries no charge and is analogous to the parafermion field in the 
SU{2) WZW model. We then make the replacement, 

gimi/f (/p _^ ^i{m+w!^)^/lip ^ (5.10) 

and similarly for fh. As explained in the operator we find in this way has J = M = 
m + |w, J = M = m + ^w, namely it is the lowest weight state in the representation 
® of the global SL{2,C) isometry. Including the modified z dependence that comes 
from applying the spectral flow operator, we obtain the two point function 0], 

1 



2(A(j)-wM+ _2(A(j)-t(;M+f ^ + M ) X 



4"" ) -^\^\J I "^^"T^4 

'■'12 ^12 



7(2j) r(l-i + m)r(l-i-m) 

k - - k 

where J = M = m -\ — w , J = M = fh -\ — w. 

2 ' 2 
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(5.11) 



Note that j is the spacetime conformal weight of the original w = operator and it should 
be distinguished from J, J for the operator we get after spectral flow. The amount of 
spectral flow of the second operator is —w; this is necessary in order to preserve the total 
Jq charge. If w,m > 0, we can interpret the first operator as an incoming state and the 
second as an outgoing state. 

We would like to convert back to the x basis. According to our previous 

discussion, this can be done by evaluating the pole residue at J = M and J = M. Unlike 
a generic two point function such as (|5.6| ) and (p77|), the expression ( |5.11| ) is finite at this 



location.il The pole that we are missing here comes from the divergent integral of the form 
J d?'z/\z\'^. We recognize that it has the same form as the volume Vconf of the conformal 
group of 5"^ with two point fixed, 



z—w\^\w—u\^\u—x\ 



|^|2 J iPzcPi 



Vconf. (5.12) 



\z-w\'> 



Since evaluating the pole residue of ( |5.11J ) at J = M, J = M is same as evaluating it at 
the pole and dividing it by Vconf (with an appropriate regularization of the z-integral) , we 
can interpret ( |5.11D as resulting from a two point function in the x basis of the form, 

($;;j(a:i,^i)$;/(x2,;22)) = 

. nB{j) T{j + m) T{j - m) 



5{j+j'-l)+5{j-j' 



X 



Vconf ' ' ' ' 'y{2j)T{l-j + m)T{l-j-m)\ (5.13) 

1 1 

2J;^2j 2(A(j)-wM+^w^) _2(A(j)-wM+^w^) 



12-^12 Z 



12 ^12 



The factor V^~^^ will eventually be cancelled in the string theory computation that follows. 
In going from ( |5.11j ) to ( |5.13| ), we have switched the sign of w in the second operator. This 
is due to the fact that an outgoing state with negative w is the same as an incoming state 
with positive w. In other words, in the x basis we can label the operators with w > 0. 

Some readers may be disturbed by the appearance of the infinite factor Kon/ in our 
computation. We can avoid the use of Kon/ altogether if we work directly in the x basis 



using (5^). This will be explained in Appendix E. For w = 1, both approaches give the 



same result. For w > 1, computations in the x basis become cumbersome. For this reason. 



There is an important exception when the w = operator is in a discrete representation, in 
which case m = j ' + n and there is a pole. We wiU come back to this point later. 
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we will continue to work in the m basis in this section so that we can find expressions for 
all w at once. 

So far, we have taken j to be arbitrary. Let us now set j = ^ + is, so that we have a 
continuous representation aX w = 0. In this case, the spectral flowed expression ( [5.13| ) gives 
the two point function of the vertex operator for the long string with w = 1. In order to 
compute the spacetime two point function, we need to take into account the contribution 
from the internal CFT. We choose the internal conformal weight {h, h) such that the long 
string obeys the physical state condition, 

k - k - 

A{j)-wM+-w^ + h = l, A{j) - wM + -w^ + h = l. (5.14) 

Assuming that the operator in the internal CFT is unit normalized, its effect is to multiply 
the factor to (|5.13| ) . We then need to integrate over z and divide it by the volume 

of the conformal group on the sphere. This produces another factor of V~^l^j. By changing 
the normalization of the operator as $ = Vconf the two point function in the target 
space is given by 



1 ^.2 



Kon/ (^jj^^^l'^l ^ 0)$^'j(x2,22 = l))worldsheet 



'5is^s')^8is-s-^^^^^ r(,-|. + j) r(, + |.-j) 1 1 



7(2i) r(i -j-^w + j) r(i - j + !«; - J) 



2J™2J 



12 ■^12 



where 



J = -ty + _ ± Vh-l 



(5.16) 

A w \ k 

and a similar expression for J in terms oih. As far as the two point function is concerned, 
we can of course normalize the operator $ as we like. All we are saying here is that this 
normalization removes the divergent factor Vcont and keeps the target space two point 
function finite. In the next subsection, we will see that the rescaling $ = Vconf $ also 
gives finite results for the three point functions that appear in the factorization of the four 
point function. 

We would like to make a couple of comments about the two point function of the long 
strings ( p.l5| ). Unlike the case of the short string, the on-shell condition does not require 
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j = j' . However the two point function has the delta functions S{s + s') and S{s — s'), 
giving constrains on the labels s,s'. For the operator before the spectral flow, the term 
proportional to d{s + s') in ( pT9| ) is multiplied by ~ S'^{xi2), i.e., it is a contact term in 
BCFT. After the spectral flow (|5.15|) , the corresponding term contributes to the long range 
correlation of the two operators ~ 3;^2^'^xJ~2^'^ in the same way as the term proportional to 
S{s — s'). Thus, when we discuss the factorization of the four point function, we need to 
take into account both the first and the second terms in (|5.15|) . Another remark we would 
like to make is that the factor multiplying the — s') in the second term in ( p.l5|) is a pure 
phase e*^(^), see (g^. We can interpret it as the phase shift for a scattering experiment 
where we let a long string come from the infinity of AdS^ , shrink to the origin, and go back 
to the infinity again [|l|. In fact, the operators labeled by s and —s are not independent, 
and they are related by the reflection coefficient $5+*^ ~ e^sis)^^-^^ as shown in |1T9[ . 

Now let us turn to discrete representations. We start with a global SL{2, C) descen- 
dent with m = j + q and rh = j + q where q, q are non-negative integers. After the flow, 
we obtain a state with J = M = j + q+ |w, J=M = j + q + ^w. In this case, we get a 
pole from one of the Gamma functions in ( |5.13|) , and it cancels the factor V^~^ ^ . Thus the 
expression in the x space is finite. As in the case of long string, turning this into string 
theory two point function generates an additional factor of V^^j, , but this is also cancelled 
by S{j - j') in (|TD evaluated at j = j'M 

With all the factors Vconf cancelled out, we have a finite correlation function in the 
target space. There is one subtlety here since there is a possibility that a j dependent 
factor appears when we cancel S{j — j') at j = j' with the volume of the conformal group 
Vconf. We claim that, in fact, a finite factor of the form \2j — l + (k — 2)w\ remains after the 
cancellation. One heuristic way to see this is the following. (A more rigorous derivation of 
this factor in the case of = is given in Appendix A.) If we regularize the computation 
by taking j to be slightly away from on-shell Lo{j) — 1 = and introduce a cutoff e in the 
z integral, the volume Kon/ of the conformal group would be d^{Lo{j) — 1), where is a 
Gaussian with a short tail which becomes the delta function in the limit e ^ 0. This is 
the factor that cancels the 6{j — j') term in the worldsheet two point function. Thus we 
expect that the cancellation of the two divergences leaves the finite factor given by 

^^"^•^'^ \2j ~ 1 + {k - 2)wl (5.17) 



dj 



For a short string, the physical spectrum of j is discrete and we need to evaluate the delta 
function right at j = j' rather than leaving the delta- functions, (5(s -|- s') and S{s — s'), as in the 



case of long strings in ( |5.15 ). 
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up to a /c dependent coefficient. Taking tfiis into account, tlie two point function of the 
sliort string witfi winding number 7^ is of the form 



■{^"^/Uxi, Zi = 0)$'t''^(x2, Z2 = Q))woTldsheet 



T{23+q)T{2j + q) B{j) 



\2j-l + {k-2)w\ 



Ti2j)^q\q] 



Xj_2 -^12 



where q = J — j — ^w, q = J — j — ^. Unhke the case of the long string, we do not have 
to rescale the operator $j j. We note that the coefficient in (|5.18| ) is positive as long as 



j is in the physical range ^ < j < -^y^- This of course is consistent with the positivity of 
the physical Hilbert space of the string in AdS^. When w = 0, the two point function is 
given by 

($r"(^l)^."="(^2))ta.,et - {2j - 1)t^. (5.19) 

\'^12 I 

Later in this section, we will show that this additional factor of (2j — 1) is precisely what one 
need in order to reproduce the factorization of the four point function onto the short string 
with w = 0. In general, we have to be careful about a possible j dependent factor that 
could appear when we go from the worldsheet expression to the target space expression, 
and ( |5.19| ) is an example of this. 

For a short string, another useful computation one can do is to evaluate the two point 
functions of operators $j j"^ corresponding to the state of the form, 

{JI,nJI,f\j;m = m=j). (5.20) 

where J = j —p and J = j —p are the spacetime conformal weights under global SL{2, C). 
Although they are descendants of the current algebra, they are the lowest weight states of 
the global SL{2, C). These states appear in the intermediate channel of the factorization 
of the four point amplitude discussed later in this section, so it is useful to compute 
their two point functions here. They are computed in the following way. Let us view 
these states as given by performing one-unit of spectral flow the lowest energy states in 

° . Vl^.^^ = Vf^. We start with the state m = -/ - p^fh = -j' - p) with 

2 J 2 J 

j' = ^ — j- Under one unit of spectral flow, this state is mapped into a state of the form 
( ^.20|) . So we first compute the correlation function of the state labeled by j' in the m 
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basis, perform spectral flow using the formulas (|5.11|) , and finally we go to the x basis as 
in ( CT) . We find 

~ {2j - 1) r(fc-2j)W ^20--p)-20--p-)^ ^^-21) 

where again we have assumed that the amplitude is multiplied by a unit normalized pri- 
mary field in the internal CFT operator so that the total worldsheet conformal weight of 
the vertex operator is one, and we integrated the resulting two point function over the 
worldsheet. We have taken into account the factor {2j — 1) discussed at (|5.19|) . Notice 



that, up to a /c dependent factor, — j) is equal to B{j)~^ as one can see from ( |2.1U| ). 
If we set p = p = in ( |5.21| ), we recover the original result ( |5.19| ) but with a different 
normalization; instead of B{j), we have B~^{j). What this shows is that the natural 
normalization of the operator in •Z)"'=o and that of the operator in _ . are different. It 



is therefore more convenient to define the operator corresponding to the state (|5.20| ) as 



(5.22) 



In this way, for p = p = 0, we recover the w = SL{2) current algebra primaries with the 
standard normalization (|2.10|) . Their two point function is then given by 



~ (2j - 1) r(fc-2j)W ^20-p)-20-p-)_ ^^-23) 

We will use this formula in section 5.5 where we examine effects of intermediate short 
strings with w = in the four point function. 

5.2. Three point functions in m basis 

Let us now turn to three point functions. In the case of the two point functions, the 
winding number w is preserved in the m basis ( |5.11D . This simply refiects the fact that the 



worldsheet Hamiltonian Lq + Lq can be diagonalized by states carrying fixed amounts of 
w. However the winding number can be violated by string interactions. In this subsection, 
we will compute the four point function with three vertex operators and one spectral fiow 
operator. This computation has been done in ||2^, and we reproduce it here. In ||2^ this 



was done using the free field theory approach. In the next subsection, we will use this 
result to derive the three point functions with winding number violations. 
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The spectral flow operator changes the winding number of another operator by one 
unit. According to |^], we can view it as the lowest weight state in d'j' ® dj' with j = k/2. 
This operator is outside the allowed range (|3.2| ) for physical operators in the target space 
theory. We will not use this operator by itself for an operator in the target space theory, but 
it is used in an intermediate step to construct physical operators with non-zero winding 
numbers. A very important property of the spectral flow operator is that it has a null 
descendant of the form, 

J-i\j = ^;m=^) = 0. (5.24) 

We can then compute a four point function where one of the operators is \ j = k /2, m = k /2) 
since it obeys the differential equation which follows from the existence of the null state 
( ^.24|) . The equation turns out to have a unique solution up to an overall normalization, 
and we can use it to derive a three point function with winding number violation. This 
computation also serves as a simple example where we can flnd an explicit expression for 
^SL{2) in ( |4.6| ) (though in the non-generic case) and, it gives us some intuition about 
how four point functions look like in general. In particular, we will flnd that the solution 
indeed has a singularity dX z = x with the exponent for [z — x) expected from the general 
argument given in section 2.4. 

We want to compute the four point function. 



(Xi, Zi)^k{x2, Z2)^j^{x:i, Z'i)^j^{x^, z^)) = 

^2-A4-Ai)|^^j2(A4-Ai-A2-A3)^ 

(5.25) 



I |2(A2+Ai-A4-A3) I ^_|-4A2 | |2(A3+A2-A4-Ai) i |2(A4- Ai - A2 -A3) 
1^431 I ^42 1 1^41 1 1^31 1 ^ 



C{jl,32,-:3A)\^{Z,X)\ 



where the coefficient C(ji, js, J4) will be determined later. We have written the dependence 
on the cross ratios z = ^^^^"^^ and x = ^'^^^'^^ of the worldsheets and the target space 

231^42 a;3ia;42 ° ^ 



coordinates in the form of a square of some homomorphic function JF in (|5.25|) , anticipating 
that there is only one state in the intermediate channel. This fact will be derived by 
explicitly solving the differential equation below. The null state condition ( |5.24| ) for the 
operator at Z2 implies the equation 



z z 



x^ (a^-l)^l 2jix 2j3(x-l) 

x{x - l)a^ - K — — 

z z — 1 z z — 1 



JF(z, x) = 0. 

(5.26) 
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Here j2 = k/2 and k = J4 — ji — j2 — Js- On the other hand, since 



L-A3 = \) = -Jl,\3 = \). (5.27) 



the KZ equation takes the form, 

X X — 1 



z{z - 1) 



z z — 1 



+ — + ^^}J^. (5.28) 

2: z — 1 ' 



Using ( |5.26| ) we can ehminate dx from ( [5.28| ), and we obtain 

{ z z — 1 z — X J 



(5.29) 



This equation can be easily integrated and we can insert the resulting general solution in 
( ^.26|) to determine the x and z dependence of JF completely. We find 



r = z^'{z - iy^{z - x)-^'-^'-^^+^x^^'+^{x - 1)2^1+'^. (5.30) 

The solution is unique up to an overall normalization, and the four point function is indeed 
given by the absolute value squared of this function as anticipated in (|5.25| ). Note also 
that there is a singularity at z = x with precisely the expected form. 

We also need to determine the coefficient (^(ii, 73,^4) in ( |5.25| ). We use the 
same method as in [|2^,0 . The standard operator product expansion formula gives 
C(ji, |, i)-B(i)~^C(j, j3, J4), where j is for the intermediate state. As we mentioned ear- 
lier in ( 12:21] ), the factor C(ji, |, j) is equal to the delta function 6{ji + J — |) modulo a 
k dependent {ji independent) coefficient. This is consistent with the fact that, in ( [5.30| ), 
only the state with J = f — ji is propagating in the intermediate channel for z 0. Thus 
the coefficient C is determined as 

C0W...)~i^(|-..)"'cQ-,.,,.,.)^B(,0c(|-,.,3...) (5.31, 

modulo a k dependent factor. Here we used ( |2.1C1| ). 

As shown in and reviewed in the last subsection, the spectral flow operator is given 
by the operator $fe in the m basis. Thus we need to perform the integral transform ( |5.4| ) 
on (|5.25| ) and set m2 = ~f . As in the case of two point function, setting this value of 7712 



generates a pole in the amplitude so the spectral flow operator is deflned by 



k 1 

2^ $fc _k.k _k (5.32) 



Vconf 2' 2' 2' 2 
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where the operator $ k k . k k IS normahzed as in (15.41). The factor l/Vmnf is there to 

2 ' 2 ' 2 ' 2 ' ' ■' 

remind us that we have to extract a pole residue at m = — I . This residue can be evaluated 

\2k 



by taking the limit X2 oo of |x2| times (|5.25| ). After performing the Xi integrals, we 
find 0, 



f Yl (fx.x^'-'^'-'x^'-'^'-^ I lini^ |X2|'^(^)| 

^ 1=1,3,4 lX2^oo J 



~ k k 

C(ji,i3,j4)'5^(-2 + "^1 + + m4, -- + mi + mg + m4)x 



n, A4-Ai-A3 + f +m4 Ai-A3-A4 + f +mi A3-A4-Ai + f +m3 

[Z2 Zi) Z^i X ,g 



i=l,3,4 



_A4-Ai-A3 + f +m4 _Ai-A3-A4 + f +mi_A3-A4-Ai + ^+m3 



^34 ^41 ^ 



1 TT - rrii 

11 rri 



7(ii + J3 + i4 - I) ,ii;^_4 r(i - 3^ + ^*), 

where "cyclic" means a cyclic permutation of the labels 134. The Z2 dependence is what 
we expect for the operator ( ^.321) . We can now extract the action of the spectral flow 
operator on . This is done by taking the limit of Z2 z\ and extracting the coefficient 
of the term which goes like z^<l z^ . This performs spectral flow on the operator inserted 
at Zi by —1 unit.il According to the rules ( p.l| ) of the spectral flow, the new spacetime 
quantum numbers of the operator at Zi are M = mi — ^ and M = fhi — and its global 
SL(2, C) left and right conformal weights are J = \M\ and J = |M|. Finally we find 

J,M,J,M (^l)^j3,"^3,"T-3 (^3)^j4,"t4?Tl4 (^4)) = 

~ k k 

= C{ji,j3,j4) ^'^i~2 +^1+^3 + m^, -- + mi + ma + 7714) x 

A4-A1-A3 Ai-A3-A4^A3-A4-Ai 

^13 ^34 ^41 ^ (5.34) 



-A4-A1-A3-A1-A3-A4 -A3-A4-A1 

^13 ^34 ^41 ^ 

1 r(ji - mi) r(j3 - mg) r(j4 - m4) 

7(ii + j3 + k - I) r(l - 31 + mi) r(i - + ma) r(i - i4 + m4) 



28 



We have —1 unit of spectral flow because we extracted the m2 = component of the 



spectral flow operator in ( 5.33| ). The resulting operator represents an outgoing state carrying 



away one unit of winding number. 
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with 

k — k 

Ai = A(ji) + mi - - , Ai = A(ji) + mi - - 

k k ^'-^'^ 

j=-M = -mi + -, J=-M = -rhi + -, 

2 2 

where we used the 5 function in to go from ( |5.33| ) to (|5.34| ).ii This indeed has the 

expected z dependence for the correlation function of one spectral flowed operator with 

two unflowed operators. 

5. 3. Three point functions in x basis 

In this subsection we will discuss how to go from the m basis to the x basis for three 
point functions. We want to rewrite ( |5.34|) in the x basis. This is similar to what we did 
for the two point functions. 

We start with a general three point function in the x-basis 

^ D{JuJ2,h) (5-36) 

J1+J2 — J3 rr.Jl+J3~J2 rrJ2+J3 — Jl p^Jl+ J2— Js 7^Jl+ -h — J2 pz,J2 + J^ — Jl ' 

-^13 ^-23 -^12 -^13 -^23 

where the Ji, Ji label the conformal weight under global SL(2,C). We can compute the 
integral transform of this expression to go to the m basis. The integral can be written using 



the Barnes hypergeometric function . For our purposes we do not need to compute the 



most general expression since the three point function (|5.34| ) is really the residue of the 



pole at Ji = —Ml , Ji = —Ml in the x integral of (|5.36| ). This pole comes from the region 
where a;i is very large. We are interested in the coefficient of this pole. This is obtained 
by taking the xi ^ oo limit of x\"'^x\'^^ times ( p.36|) and then performing the integral 
transform with respect to X2 and x^- We obtain 

{^J^=-Mi,Ji=-Mi^J2J2,M2,M2^J3J3,M3,M3) 

~ Vconf 52 (Ml +M2 + M3)D{Ji, J2, J3)X ^537^ 

r( J3 - M3) r( J2 - M2) r(i + ji - J2 - J3) 



r(i -Js + Ms) r(i - J2 + M2) r(j2 + J3- Ji), 

where the Vconf is there to remind us that the rest is the residue of a pole. Notice that 
only properties under global SL{2,C) have been used to derive this formula. 



We also used properties of the Gamma function to absorb the sign (—1)'"'' that came 
from the powers of zu in going from ( ^.33| ) to ( ^.34 ). 
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By comparing ( |5.34| ) to (|5.37| ) (and changing labels (2,3) (3,4) in (|5.37|) in the 
obvious way), we find that the three point function in x space is given by 

{^-f'^^{x^)^,,{x,)^,,{x,)) ~ B{n)c X 
r(i3+i4-J) r(ii + j-|) 1 



r(i + J - - j4) r(i -ii -j+ 1) 7(^3 + j4 + - 1) 

1 

^J+j3-j4 J +j4 -is „ J3 +34 -J +33 -34 ^ J +34 - J3 ™ J3 +34 - J 

•^13 -^14 -^34 -^13 -^14 -^34 



(5.38) 



where 



In the case of j = | when the first operator corresponds to a long string, this factor of 
l/Vconf is cancelled since the long string operator $ comes with the extra factor of Kon/ 
as in ( p. 151 ). Thus we conclude that the three point function of two short strings with 
w = and one long string with w = 1 is non-zero. In the following subsection, we compare 
the expression ( |5.38| ) with the factorization of the four point function. 

In Appendix D, we will show, using the representation theory of the SL{2, R) current 
algebra, that two short strings with w = can only be mixed with short strings with 
w = 0, 1 or long strings with w = 1. One may ask why we did not see short strings with 
w = 1 in the factorization of the four point function. In fact there is an additional reason 
for the vanishing of the three point amplitude with two short strings with w = and one 
short string with w = 1. If ji is real and mi, mi < , the operator ^^j^'-'^ in ( |5.38| ) 
corresponds to a short string with w = 1. For this operator, the two point function is 
finite as we saw in ( p.l8|) , and we do not have to rescale the operator as we did for the long 
string. Thus we interpret the factor of l/Vconf in (|5.38| ) as saying that the three point 
function vanishes. This gives the additional constraint on the winding number violation 
stating that two short strings with w = cannot produce a short string with w = 1. 

As a check that we are interpreting this factor of l/Vconf correctly and as a further 
application of ( [5.38| ), let us consider the case that ji is real and mi, mi > 0, mi = 
ji + p, mi = ji + p. This can be interpreted as doing the spectral flow of a discrete 
representation by —1 unit, thus producing the operator described at ( |5.2C1| ) with J = f —ji- 
This state is just a descendant in a discrete representation with w = . Thus, in this case, 
we do not expect the three point function to vanish. Indeed we flnd that, as we set 
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mi = ji + p, one of the Gamma functions in (|5.38|) develops a pole, thereby cancelling the 
factor l/Vconf in ( |5.38|) . Finally we obtain 

. ^ .p+p^( . ■ . ^ r(j3 + H -j+p) r(i3 + jA - 3+p) ^ 
p'ru3+j4-j) p!r(j3+j4-j) 
1 



„ ^+ js -i4 „ J +i4 - J3 „ J3 + j4 - >^ ™ - j4 - + j4 - js ^33 +04, " 

•^13 -^14 -^34 -^13 "^14 -^34 

Note that J = | — Ji, where ji is the label appearing in ( |5.38| ), and J = j—p, J = j~P- We 
have also normalized the operator as in ( ^.221) . If we set p = p = 0, we indeed find that this 



is the same as the correlation function of three w = discrete states. This is an interesting 
consistency check of what we are doing. Moreover we will see that the expression ( |5.40| ) 



exactly matches with the factorization of the four point function in the target spacetime. 

6. Factorization of four point functions 

In the last section, we computed the two and three point functions including spectral 
flowed operators. In this section, we will use these results to show that the coefficients 
of the powers of x appearing in the spacetime operator product expansion computed in 
section 4 are precisely what are expected, i.e., each of them is a product of two three 
point functions involving the intermediate state divided by the two point function of that 
intermediate state. 

6.1. Factorization on long strings 

Let us first examine the coefficient for the continuous representations appearing in 
( [4.31|) . In the expression ([4.31D , the integration contour runs along jc = k/2 — 1/2 + is = 



k/2 — j where j = 1/2 — is. We are denoting the SL{2, C) spin along the contour by jc, 
and j is introduced for convenience. Then we define 

J = Jc + d{j,) = y + /i - 1 , J = Jc + fe) = '^^^1^^ +h-l (6.1) 



From the power of x in ( [4.31| ), we conclude that J is the spacetime conformal weight of 



the intermediate state. The coefficient of this power of x is ([4.31|) 

r(j-|+j) r(ii+i2-J) r(i3+j4-J) r(i + j-i-|: 
r(i- j+|-j)r(i-ii-j2 + J)r(i-i3-j4 + J) r(|+j- J) 

7(2j) C'(ji,i2,|-j)C(f -j,i3,i4) 

7(ji + h +3- 1)703 + i4 + J - f ) 5(1 - j) 



(6.2) 
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It can be shown that this coefficient is given by the product of two of the three point 
functions divided by the two point function. This can be seen explicitly by writing ( |6.2| ) 

as 

r^f^rf^ •• •^ nji+h-j) r(j + j-i) 1 



2 ^ J r(i - - j2 + J) r(i - J - J + 1) 7(ji +J2+J - 1: 
7(2j)r(i-j-| + j) r(i-j + |- J) 



BU) T{j + 1 - J) r(j - I + J) 



X (6.3) 



2 V r(i-i3-i4 + J)r(i-j- j + |)7(i3 + j4 + j-f)' 

Note that we used that — j) ~ B{j)~^. We see that this has the form of the product 
of two three point functions (|5.38| ) divided by the two point function (|5.15| ) with w = 1. 
Note that, in the (|5.15|) , there are two terms, one proportional to d{s + s') and the second 
proportional to d{s — s'). Physically s and —s describe the same operator. So when we 
consider the inverse of the two point function it is convenient to restrict the integral over 
s so that s > 0. This is possible in ( [4.31| ) since the expression is symmetric under s —>■ —s. 
In this prescription, only the term proportional to d{s — s') in the two point function needs 
to be inverted. We have checked that, if we took the other term in the two point function, 
the one proportional to 5{s + s'), we will find the same result provided we switch the sign 
of s in one of the three point functions in (|6.3|) , precisely as required. 

6.2. Factorization on short strings 

We now consider ( |4.34D where, as we explained before, we should shift the j contour 
of integration. This picks up some poles explicitly displayed in ( [4.35|) . These poles are 
at d = —n, d = —n. From their x dependence we conclude that the spacetime conformal 
weight of the intermediate operator is J = j — n, J = j — n. The residue of the pole is 

1 C{ji,j2,j)C{j,j3,jd^ 

X 



dd/dj Bij) 

r(ji + j2 -j + n) T{j3 + j4 -j + n) n\T{k - 2j) 

n\T{ji + j2 - j) n\T{j3 + j4 - j) T{k - 2j + n) 
r(ji + J2 - j + n) T{js + j4 -j + n) n\T{k - 2j) 

^!r(ji + j2 - j) n\T{js + j4 - j) r(/c - 2j + n) 



X (6.4) 



The factor {dd(j)/dj) ^ appears here since the pole we picked up in ( [4.35| ) is of the form 
~ {d{j) + n)~^ and we are evaluating residues in the j integral in (|4.34| ). We see that 
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this has precisely the expected form for a state hke (|5.2C1| ) propagating in the intermediate 
channel. Indeed we can write (|6.4|) as the product of two three point functions ( |5.40| ) 
divided by the coefficient of the two point function (|5.23| ), including the factor involving 
dd/dj ~ (2j — 1), which we discussed at ( p.l9| ) as 



n\T{ji +32-3) n\V{3i +32-3) 
1 n\T{k - 2j) nlT{k - 2j) 



{2j - l)B{j) T{k - 2j + n) T{k - 2j + n 
■ir+^CU,3s,3^ 



(6.5) 



n+nr^^ , , , ^ + i4 -j + n) T{js + 3a - j + n) 



nlT{j3 + j4 - j) nlT{js + - j] 



In other words, we need to correct the two point function by the factor (2j — 1) as in ( |5.19| ) 
in order to get the right spacetime factorization properties. This completes the test of the 
factorization of the four point function. 



7. Final remarks 

Most of what we said in this paper refered to the Euclidean theory, both on the 
worldsheet and on target space. These computations can also be interpreted as describing 
string theory on a Lorentzian target space. Note that string theory in Lorentzian AdS^ 
can be thought of in terms of the usual S-matrix formulation, where the asymptotic states 
are the long strings. Short strings appear as poles in the long string amplitudes. We did 
not compute this precisely but this is the expected picture. It would be interesting to 
expand the four point function for two long strings with w = 1 and two with w = —1, 
and see that indeed we produce only long and short strings in accord to the winding 
violation rule described in the appendix D. In this way, the theory on the Lorentzian 
AdSs can be interpreted either in terms of an S-matrix or in terms of a BCFT, albeit 
one with a non-compact target space. The S-matrix computation of long strings is in fact 
describing scatterings in the Lorentzian BCFT. It is amusing to note that this singular 
BCFT is reproducing some features which seem characteristic to strings in flat space, 
such as having an S-matrix description. This may give us a hint on how to construct a 
holographic description of flat space physics. 

This BCFT is rather peculiar due to the non-compactness of its target space. All the 
computations we have been deflning were for the case that the BCFT is on S'^. These 
computations are well-deflned when properly interpreted, as we discussed in this paper. 
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The only peculiarity is that we cannot insert too many discrete state operators, but this 
should not be surprising since we also saw simple quantum mechanical models where that 
is true. If we put the BCFT on a torus, we will find divergences in one loop computations 
as we have shown explicitly in In P] these divergences were regulated by adding a 
volume cutoff near the boundary, but strictly speaking the one loop free energy is infinite. 
We would find a similar result in the quantum mechanical example we discussed in section 
3.2. This BCFT would not be well-defined on a higher genus Riemann surface. 

The SL{2, R) WZW model has an interesting algebraic structure which should be 
explored further. 
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Appendix A. Target space two point function of short string with w = 

In section 5, we computed the target space two point function starting with the 
worldsheet two point function and dividing it by the volume of worldsheet conformal 
symmetry which fixes the two points. This process involved some subtlety since we have 
to cancel two divergent factors, leaving the finite coefficient \2j — 1 + (k — 2)w\ for short 
stringS In this appendix, we present an alternative derivation of the target space two 
point function in the case of w = 0. 

The idea is to use the target space Ward identity. We assume that there is some current 
algebra symmetry in the BCFT and use it to relate the three point function including the 
conserved current to the two point function that we want to compute.liil One may view 
this as the string theory version of the computation in ||3^ where a similar factor for the 



two point function was derived using the Ward identity in the supergravity approximation. 

The global symmetry of the BCFT comes from a current algebra symmetry in the 
internal CFT on the worldsheet. According to 0], the vertex operator for the target space 
current is given by J{x, z)L{z)^j^i{x, z), where 

J(x, z) = -J~{z) + 2xJ^{z) - xV+(z), (A.l) 

and L{z) is the current algebra generator in the internal CFT. Thus, to compute the 
Ward identity for the target space two point function, we need to evaluate a three point 
function ($j^$j2^j=i)- Due to the fact that two point function of the internal CFT is non- 
zero only between operators with the same conformal dimensions, the on-shell condition 
requires ji = j2 and we can focus our attention to this case. We then find that the AdSs 
part of the correlation function is of the form, 

G{-2j) 1 



27r2z/2j7 (^l^j G{1 - 2j) ki2p'^|xi2| 



F23rF3l| 



2n^u^j^ 7 (^^) ki2|4^|xi2P(2^-i)|a:23P|x3 

1 m 

u . 2n{k - 2)7 (H) l^i2|^^|xi2P(^^-i)|x23P|x3i|^ ' 



(A.2) 



12 



There is no such factor for long string. 



30 

If there is no current algebra symmetry, one can use the energy-momentum tensor, which 
exists in any CFT. It is straightforward to generalize the fohowing computation with the energy- 
momentum tensor, and one obtains the same normalization for the target space two point function. 
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where A = — l)/{k — 2). We then multiply the current generator J{xs,zs) on 

^i{xs, zs). Using the operator product expansion, 

J{x, z)^j{y, w) — ({x -yf^- '^3{x - y)\ w), (A.3) 

z — w \ oy J 



Zi)$j(x2, Z2) [J (X3, 23)$i(x3, ^a))) 

(2j - l)S(j) /I I \f I I \ (A.4) 



we find 



kl2|'^'^|a^l2|'^^ \X^-Xi X2,-X2j \Zz-Zx Zi-Z2 

where we ignored a constant independent of j. To obtain the spacetime three point func- 
tion, we choose an operator (f)h of dimension h in the internal CFT so that A + /i = 1 and 
multiply it to Similarly we multiply the current generator L of the internal CFT to 
$1. We find 

(($j(xi, Zi)(j)h{zi)) ($j(x2, Z2)(l)'h{z2)) {J{X3, 23)L"(23) $i (xg, ^s))) 

1 f qi ^ q2 \ (2j - l)B{j) (A.5) 



where qi and q2 are the R-charges (j)h{zi) and 4>'h{z2) respectively, and we used the charge 
conservation, qi + q2 = 0. Comparing this with what we expect for the target space Ward 
identity, we find that the spacetime two point function is given by 

($,(xi)$(x2)) ~ ^^-^"^l.f^^ (A.6) 

\Xl2\ 

reproducing the result we have obtained using the heuristic argument in section 5.1. 

It is easy to see that if we insert in ( |A.6| ) the operator JJ$i(x3) we obtain ( |A.6|) times 
an extra factor of (2j — 1) in agreement with the arguments in [^. 



Appendix B. Some properties of the conformal blocks 

In this appendix, we will prove that the conformal block J-'j{z,x) of the four point 
function has no poles in j when | < Re j < We also argue that the integral over j 

in ( [4.10| ) is convergent. 
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B.l. Proof of no poles in Tj in ^ < Re j < 



This has been shown in using properties of the Kac-Kazhdan determinant. Here 
we present a direct proof of the absence of poles. 
We use the expansion ( |4.17| ) as 



oo 



n=0 

where u = z/x. As we discussed in section 4, the KZ equation and the boundary condition 
for small z determines that go{u) is given by the hypergeometric function, 

go{x) = F{ji + 32 - j, h + k -j.k- 2j; u). (B.2) 

The standard Taylor expansion of the hypergeometric function shows that the u expansion 
of go{u) has no poles in the region ( |4.15[ ). 
Let us write 

r = ^^-J. (B.3) 



and 



^2 



a{r) ^ (B.4) 



which is defined so that 

AU)+j = a{r) + ^ + ^^^y (B.5) 
We then look for a solution to the KZ equation in the power series expansion of the form, 



X 

^B.6) 



m,n=0 

where b is some constant which will be determined below. We have chosen m, n = 0, 1, ■ ■ ■ 
so that the expansion is consistent with (|4.7[) (|4.9|) ( |B.1|) . The fact that gQ{u) has no poles 
means that Cm,n=o has no poles. We will then show inductively that this is also the case 
for all Cm,n with n > 1. 

Substituting this into the KZ equation, we find the recursive equation for the coefficient 
Cn,m of the form, 

P{a{r) + n,b + m)Cm,n = (linear combination of Cm',n', "i' < m, n' <n), (B.7) 
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for some function P{a,b), which is quadratic in b. The right hand side contains no poles 
in j. For n = 0, m = 0, this gives the condition P(a(r),6) = 0. This is nothing but the 
characteristic equation for the hypergeometric equation on go{u), and we know that this 
determines 6 to be 6 = b±{r) = a(r) ± r. In ( p.2|) , we have chosen the + root in order 



to fit it with the boundary condition (|4.7|). With this choice of 6, we want to show that 



P(a(r) + n, 6-|-(r) + m) is non-zero for any n > 1 and m > in the region (|4.15| ), or 
equivalently < Re r < If this is true, by recursive application of ( |B.7| ), we can show 
that Cm^n has no pole. 

Our strategy is to look for a solution to P{a{r) + n, b') = for n > 1 and show that 
it can never be of the form b' = 6+(r) + m for any m > 0. Let us write a(r) + n = a{r') 
for some r' . We know that the zeros of P{a{r'), b') = are given by b' = b±{r'). Let us 
first consider the solution of b' = 6_|_(r'). Since 

b+{r') = a{r') + r' = a{r) + r' + n, (B.8) 

then b' could be equal to b-^-{r) + m = a(r) + r + m if and only if r' = r + m — n. On the 
other hand, r' was defined by a(r) + n = a{r'). Eliminating r', we find the condition 

-2mr -{n-mf =n{k-2-2r). (B.9) 

This cannot be satisfied by r in the range < Re r < for (n, m) 7^ (0, 0) since the 
real part of the left-hand side is negative while it is positive in the right-hand side. For 
the other solution b' = b-{r'), we also find the same equation (|B.9|) . Thus we have shown 
that P{a{r) + 71, 6_|_(r) -f- m) never vanishes for n > l,m > if r is in this range. This 
proves that J-'j{z, x) has no pole in the region of our interest. 

B.2. Convergence of the expression for the four point function 



To see that the j integral (|4.10D is indeed convergent, we note that, as a function of 
j = ^+is, the coefficient \C{j) \ behaves as ~ e"^ for large s where a is some constant. This 
can be deduced from the expression for the two and three point functions, ( p.lO|) , ( |2.14|) , 
and (|2.15| ), using the asymptotic formulae of the Gamma function and the Barnes Gamma 
function. Due to the factor u'^^'^^ in ( |B.6| ) each term in the u expansion of C{j)\J-'j\'^ decays 
as e~f^^ for s — > ±00 as long as \u\ < 1. We can see, using ( [B.7|) that the coefficients in 



the u and x expansion do not grow more than polynomially in n, m, so that these sums 
will converge ifj^l < 1, \x\ < 1. For other values of u, x, ( [4.10| ) is defined by analytic 



continuation. 
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Appendix C. A useful formula 

In this appendix we derive the formula 

/(a, b, c, dj) = j (fuu'^-^u^-^ (|F(a, 6, c; u)\^ + \\u^~^F{l + 6 - c, 1 + a - c, 2 - c; w) 1^) 

r(rf)r(a - d)V{h - d)V{l -c + d) 7(c) 

(C.l) 



7r 



where 



r(l - d)r{l - a + d)r{l -b + d)r{c - d) iia)-f{b) 
7(c)27(a - c + 1)7(6- c + 1) 



A 



(1 - c)27(a)7(6) ' ^^-^^ 

and 7(x) is defined in The formula ( |C.1|) is obtained as follows. Let us first prove 

the following identity, 



F(a, 6, c; w)p + X\u'-~''F{1 + b - c,l + a - c,2 - c;u) 



7(c) 



l-c|2 



7r7(6)7(c — 6) 
This is based on the following formula. 



d'H \t^-\u-ty 



-b-i, 



1-t) 



-a|2 



(C.3) 



,0 , „, ,;,,9 sin(7ra) sin(7rc) 



sin(7r(a + c)) 
sin(7r6) sin(7r(a + & + c)) 



+ 



+ 



sin(7r(a + c)) 



/ dtf'iu-tyil-ty 
Jo 

) 

r(w-t)"(l-t)' 



(C.4) 

A derivation of this formula can be found, for example, in where it appears in the 
context of the free boson realization of the c < 1 conformal field theory. There the variable 
t corresponds to the location of the screening operator. Using the fact that the t integrals 
in the right-hand side of (|C.4|) can be expressed in term of the hypergeometric function, 
we obtain ( |C.3[ ). The integral /(a, 6, c, d, J) of the hypergeometric functions can then be 
expressed as the following double-integral. 



/(a, 6, c; d, d) = 



7(c) 



d\dh u'^-^u'^-^\t^-\u-ty-''-\i~t) 



b-i. 



-a|2 



7r7(6)7(c — b) 

It turns out that both u and t integrals can be carried out using the formula, 

T{a + n + l)T{b + m + l)T{-a -6-1) 



d'=\x\'^''\l-x\''''x''{l-x) 



26„ 



TT- 



(C.5) 



(C.6) 



T{-a)T{-b)T{a + b + m + n + 2) 

A derivation of this formula can be found, for example, in section 7.2 of [0. Thus we 
have proven the formula ( |C.lj ). 
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Appendix D. Constraints on winding number violation 

We have seen in [|l| that representations of the SL{2,R) current algebra are 
parametrized in terms of an integer w. For long strings this integer could be interpreted 
as the winding number of the long string. For short string it is just a parameter of states 
with no obvious semi-classical interpretation. 

Let us clarify the meaning of w for the short string. The short string wave-function, 
when expanded at large p, has components on all winding numbers. An explicit discussion 
of this in an expansion around p = can be found in . By an abuse of notation, we will 
still call w as the winding number of short string, but it should be kept in mind that it is 
not the winding number in the semi-classical sense. It is not even the winding number of 
the largest component of the wave-function at infinity. For example, when k is large, the 
wave-function for a = state can be expanded large p as 

^ = e-'^^PiPo + e-'^^^/'^-^^PiPi + (D.l) 

where we separated the radial dependence and the indices on -^o, V^i, ■ ■ ■ indicate the actual 
winding numbers at p = oo. As j /c/2 we see that the second term with winding number 
1 becomes more dominant even though we are still studying the wave function with w = 
This second component of the wave-function is responsible for giving the divergences in 
the two and three point functions, which we discussed in section 2. The winding number 
has a semi-classical meaning at the infinity. However, since the circle is contractible, we 
do not expect that it should be conserved. In fact, it is not. We find, however, that there 
is an interesting pattern in winding number violations. It essentially says that the possible 
amounts of winding violation are restricted by the number of operators in a way that we 
will make precise below. This was first observed in Below we will make a precise 



statement, and we will prove it using the properties of the representations of the SL{2,R) 
current algebra. 

Let us work in the m basis. The states are labeled by j, w) and |c, j, w), as well as 
some m that we do not indicate since it will not be important in what follows. Here the 
letter d, c indicate discrete or continuous representations. We will think of d as d'^ and we 
construct d~ by considering d'^ with w < The winding number w can have any sign. 
The sign of w distinguishes an incoming states and an outgoing state in the Lorentzian 
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picture. The sign of m is correlated with the sign of wE3 These representation are such 
that there is "lowest weight" state that obeys the conditions 

Jw+JdJ^w) = Jl^+^_i\dJ,w) = 

Jw+n\cJ,w) = Jl^+JcJ^w) = (D.2) 
n > 1 

All states in the representation can be generated by acting with the generators that do 
not annihilate the states. Furthermore, for operators with j in the physical ranges for 
continuous and discrete representations, there are no null states in the representation. 
Now we will consider the following state 

rid Tic 

i=i j=i 

where rid, is the number of continuous and discrete representations. The state |0) does 
not quite make sense, but after we act with any of the operators we get a state that does 
make sense. Now we want to consider the state ( p.3|) and decompose it into representations 
of SL{2,R). For this we pick a circle \z\ = A sufficiently large so that all all the points 
where the operators are inserted are left inside the circle. We consider 5'L(2, R) generators 
that are defined by integrating the SL{2, R) currents on this contour times appropriate 
powers of z. In other words ~ § dzJ^{z)z'^ . Now let us show that some combination 
of the form = J + + ciJ'^_^ + • ■ ■ annihilates the state ( p.3[ ). The precise combination 
is 

dzWiz- z^Y'+^J+iz) (D.4) 

where nt = Uc+nd- We see that a = ^ Wi+rit We see that this combination annihilates the 
state ( p.3| ) after using ( p.2| ). We can now decompose ( |D.3| ) into SL{2, R) representations 



with definite w. This implies that ( p.4| ) will annihilate each of the states with definite 
winding number independently. Now we will show that this implies that the state will 
carry winding number less than or equal to a — 1 = ^ ty^ + nt — 1. Suppose that there was 
a state with winding number a. Then ( p.4|) would annihilate it. But on the other hand we 
know that all operators in (|D.4|) act as creation operators on the Fock space due to ( p.2|) . 



Since there are no null states in the representation we conclude that this cannot happen. 
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This is true in our case, but it might not be true in some quotients of AdS^ |43]. 
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To be more precise let us expand the hypothetical state with winding number w > a in 
such a way that we fix Jq and we look at the state with fixed Jq with minimum value of 
Lq (though Lq is not bounded below, it is bounded below if we consider fixed Jq), let us 
denote this state by \h) it is clear that Ja\h) = since there is no other state with which 
it could mix. This is inconsistent with the idea that there are no null vectors. Therefore 
the state must have winding number less or equal to a — 1. 

Now we can similarly form the combination — + ciJ^_^ + ■ ■ ■ annihilates the 
state. The precise combination is 



rid n-c 



= jdz W{z - Zi)-""^ W{z- z^y'^+^J-iz) (D.5) 

so that h = — Y^Wi -\- Tic- We see using ( p.2| ) that ( p. 51 ) annihilates ( p.3| ). Now we show 
that the total winding number of the state should be bigger than —h. Suppose to the 
contrary that the winding number of the state is smaller or equal than —6. Then ( p.2| ) 
implies as above that will annihilate at least one state. Actually the precise statement 
will depend if the state we consider is discrete or continuous. If the state is discrete, then 
the statement a bit weaker, w should be bigger than —h — 1. 

If we expand ( p.3| ) in irreducible representations of the SL{2, R) current algebra it 
becomes a sum of discrete and continuous states whose winding numbers are restricted as 

—Uc + 1 <'w —} Wi < nt — 1 , continuous 

(D-6) 

—Uc <w — uJi < rit — 1 , discrete. 

In terms of correlation functions of operators we need to take the inner product of 
( P.3|) with {0\^{z) where $ could be a discrete or continuous representation. Notice that, in 
our conventions, when we take the adjoint of a discrete representation we take w ^ —1 — w 
while for a continuous representation we take w —w. We conclude that correlators will 
obey the winding number violation rule 

— A^t + 2 < N Wi < Nc — 2 , at least one continuous 

— Nd + 1 < 2_. ^ ~1 7 ciU discrete 

where now Nt = Nc + Nd and Nc, Nd is the total number of operators in the continuous and 
the discrete representations appearing in the correlation function. Note that throughout 
this discussion we were thinking of the correlators in the m-basis and the discrete states 
where taken with rh = ±j. 
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Now let us consider the operators in the x basis, then the labels Wi of all operators can 
be taken to be non-negative. In that case it is easy to show that in an point function 
the winding numbers should obey 

w,-^Wj<N-2 (D.8) 

Note that an operator 0'^{x,z) obeys simple OPE expansion rules for the currents 
J"-{x,z) = e^-^o J"-[z)e~^'^o (see [^). Since J^{x,z) = J~^{z) the analysis done with 
the operator ( p.4| ) goes through as before and leads to ( p.8| ) if we put the zth operator at 
z = X = oo. This shows that for a three point function the winding violation is only by 
one unit, so that the correlation function of two discrete w — states with any state with 
w > 1 vanishes in x-space. 

Appendix E. Another definition of the spectral fiowed operators 

In section 5, we defined the operator corresponding to the spectral fiowed representa- 
tion by: 

(1) starting with the operator x) in the regular representation in the x basis, 

(2) going to the m basis by the integral transform (|5.4| ), 

(3) multiplying e'^^vTv' ^j^h = as in ( |5.10| ), and 

(4) going back to the x basis to obtain expressions such as in ( p.l8| ) and ( p.40| ). 
Here we will describe a way to define the spectral fiowed operator without going 
through the m basis. This approach has an advantage that we do not have to deal with 
the infinite factor Kon/ as we did in section 5. We will compute the two and three point 
functions including and show that they agree with the results in section 5 when 
w = 1. 

E.l. Definition in the x basis 

The definition, in the case of = 1, is given by the fusion of $j with the spectral fiow 
operator $a;/2 as 

$;=-^'^(x, z) ^ lim e^e"^ J (fyy^-^-^y^-'^-^^.ix + y,z + e)$,/2(x, z), (E.l) 

where J = m + | and J = m + |. This equality is understood to hold inside of any 
correlation functions. 
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First we need to show that the hmit e ^ in ( |E.1|) exists, i.e., the result of the 
y integral scales as e~'^e~"^ for small e. We will prove this for a correlation function 
where there are at least two more operators besides $J There is a subtlety with the 
argument when there is only one additional operator in the correlation function, i.e., when 
we consider a two point function including $^ j^'"'. This does not cause a problem since 
has a non-zero two point function only with another operator with w = 1, which 
actually is a composite of two operators as in ( [E.lj ). In fact, we will be able to compute 
the two point function using (|E.1|) . 

For simplicity, we set a; = and z = and consider a correlation function 

^ = zi) ■ ■ ■ ^j^{xN, ZN)'^jiy, e)$fc/2(0, 0)). (E.2) 

For \y\ <^ \xi\ and |e| \zi\ {i = 1, ■ ■ ■ , N), with finite e/y, we can show that this behaves 
as 

jr ^ e^(e- y)~'^^~'^y'^f{x3,- ■ ■,Xn;z3,- ■■,Zn): (E.3) 

where P is a differential operator acting on xs, - ■ ■ ,xn- We have set {xi, zi) = (1,1) and 
{x2,Z2) = (c)o, oo) by using the SL{2,C) symmetries on both worldsheet and the target 
space. For = 2, we can check this explicitly by using the formula ( |5.3CI| ) for the four 
point function with the spectral fiow operator. (In this case, P is a number depending on 
J2-) This can be generalized for any correlation function with > 2 as follows. The 
spectral fiow operator $fc/2 obeys the null state condition 

J-{z)^k/2{x,z)=Q. (E.4) 

Using this, the KZ equation is simplified as 

d o 

— $fc/2(x, z) = -J%z)^k/2ix, z). (E.5) 

Let us evaluate the KZ equation in the correlation function (|E.2|) . When |e| ^ 
• • ■ , I^atI, we can ignore the operator product singularities of J'^{z^ at 2 = with 
the operators at z\, - ■ ■ ,ziq, and we only have to consider the contribution from $j(y, e). 
We then find that the KZ equation (|E.5| ) leads to 

«+,V. (E.6) 



de e \ dy 
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To evaluate the null state condition ( |E.4| ) in the limit of our interest, we need to use the 
global SL{2,C) invariance of JF to turn derivatives with respect to x^, for example dj;-^ 
and dx^, into a derivative with respect to y. This is where we need to assume that there 
are at least two more operators in the correlation function. Setting {xi,zi) = (1,1) and 
(x2, Z2) = {00, 00) after this procedure, and taking the limit e, y keeping e/y finite, we 
find that the null state condition (|E.4| ) leads to the equation, 

^ ^ {e-y)-^ + 2j] +I?V = 0, (E.7) 



e V dy 

with some differential operator V acting on xa, • • • , Xn- Here e~^y'^dy acting on comes 
from the operator product expansion of J~(0, 0) with $j(y, e), and the other terms are 
obtained from J~(0,0) with (xi, zi) ■ ■ ■ (xat, ^at) and by converting dx^'s into dy 
by using the SL{2,C) invariance in the target space. We can then show that a general 
solution to ( [E.6| ) and ( |E.7| ) is given by ( [E.3| ) (besides the contact term solution discussed 
in the footnote later). 

Now we can estimate the y integral in ( [E.l|) . From the discussion in the above para- 
graph, we see that the product of the operators $j(2/, e)$fc/2(0, 0) can be expanded, in the 
leading order in e — > 0, as 

00 

($,(y,e)$,/2(0,0)---)~|e^(e-y)-2^-Vl' /n,^(^3, ■ ■ ■ , Xiv)2/-r , (E.8) 

n,n=0 

for some operators On,n- The y integral for each term in the expansion ( |E.8| ) can then be 
estimated as 

H^. /.^,,.-".™,.™«, - . (E.0, 

where we assumed m — m G Z. Thus the limit e ^ in ( |E.1| ) is well-defined. Only 
the n = n = survives in the limit. Note that, although the differential operator V 
has dropped out from the exponent of e, there is a product of Gamma functions whose 
arguments include T>. When this operator acts on the finite term left over it modifies its 
Zi and Xi dependence for z = 3, ■ ■ ■ , A^, but does give rise to additional e dependence. 

Next we need to show that the operator defined by ( [E.l| ) is indeed in the flowed repre- 
sentation. We do this by checking that it has the correct OPE with the SL(2, R) currents. 
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To show this, we start with the standard operator product expansion for operators with 
w = 0, 



J {x\ z')^j {x + y,z + e)$fc/2(a;, z) 
1 



z — z — e 
1 



d 

{x + y- x'f— + 2j{x + y-x') 
dy 



+ 



+ 



z' — z 



I + y,z + e)$fc/2(x, z). 

(E.IO) 



Apply this to (|E.1D and performing the integration by parts in y, we obtain 



J{x',z')^'^j-/'\x,z) 
= hm e"^e'^ [ d^yy^-'^'^y^-'^-^x 



1 



z — z — e 
1 



[-{j - m - l)y-\x + y- x')' + {2j - 2){x + y- x')] + 



hm e"^e 



d 

H {x — x'Y — — \- {j — m — l)y~^{x — x'Y + k{x — x') 

z — z [_ ox 

X ^j{x + y,z + e)^k/2{x,z) 
1 



■-{x - x) + — 



(2;' — zY y ' ' z' — z 

X ^j{x + y,z + e)^k/2{x,z) 



(x-x) — + 2lm+-)(x-xJ 



+ 



z' — z 



2 J+1,J^ 

d 



{x - x ) + 2 ( m + - ) (x - x') 



J,J 



X, 2;). 



(E.ll) 



This means that the corresponding state, 



\w = J, J) = $7j''^(x = 0, 2 = 0)|0), 



(E.12) 



obeys 



Ji^\w = J, J) 



m + — ] \w 



J^lw = 1, j; J, J) = 0, J^±i|m; = 1, j; J, J) = 0, (n = 1, 2, 



(E.13) 



This is the correct highest weight condition for a state with w = 1. 
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E.2. Three point function 

Now we can use the definition ( Pil.l|) to compute correlation functions witli spectral 
flowed states. First let us study the three point function. We start with the four point 
function with a spectral flow operator, 

(E.14) 

Setting xi = X2 + w, 

X2lXA'i 'WX4S 

X 



Xz\X42 {U! - XS2)X42 
{W - X42)X32 

l-x=- E.15 

{W - Xs2)X42 ^ ' 

(2X42 - X43)t« - 2X32X42 

z — X = . 

{W - X32)X42 

Substituting this into ( [lii.l4| ), we flnd 

($,,(xi)$fc/2(x2)$j3(x3)%(x4)) = 



(E.16) 

^|2(-ji+j3+j4-fc/2)|(^^^^ - X43)«^ - 2X32X42 1"''^"''^"'*+''/^ ■ 



\z\^'^\-z\^^-B{3i)C{kl2-3x.3z.H)\x42?^''^''-''-'''^\x^2^ 



We then multiply the factor liyp*--^^ "^^ and integrate over w. We flnd 

/c/.>p(~)($,,(x0$./.(..)$.3(x3)%(x4)) - (Standard powers of 
B{3x)C{kl2-3^,h.u)\x42?^''^''-''-'''^\x^2?'^^^^^^ 

J rf2^y|^y|2(j3+j4-mi-fc/2-l)|^^^^^ _ ^^^^^ _ ^^^^^^^-j,-j,-j^+k/2 
^|^^^|2(A2+Ai-A4-A3)|^^^|-4A2|^^^|2(A3+A2-A4-Ai)|^^^|2(A4-Ai-A2-A3)^ 

|1 _ z\^^^\z\-^^^B{j^)Cik/2-3u33J4)x 



X42 



|203-.4-m,-fc/2)|^^^|2(-,3+j4-rni-V2)|^^^2-X43|'^"^'^-^'^+"^^+'=/'^X 



^ r(j3 + i4 - mi - k/2)T{~j, - js - i4 + k/2 + l)r(ji + mi) 
''r(l - j3 - is + mi + fc/2)r(ji + j3 + J4 - /c/2)r(l - ji - mi) 



79 



(E.17) 



Now we multiply by |;Z2i|^"^^ and send 2:21 0. We find 



lim \z2i 
221^0 



2mi 



=B{n)C{k/2-n,js,u)n 



r(js+j4-J) V{h + J-k/2) 



r(l - i3 - i4 + J) r(l - ji - J + A;/2) 7(j3 + J4 + Ji - k/2) 



F42 

where 



|2(j3-i4-J) 



3^32 



2O4-J3-J) 



X43 



|2(J-J3-J4)| Ai-A 



43 



^42 



-A1-A4 



-32 



-A1-A3 |2 



Ai = A(ji) - mi 



J = mi + 



(E.18) 
(E.19) 



4' ^ 2 

Due to the limit in ( JE.18D , we can neglect higher powers of z appearing at various places. 

The result ( pil.l8D is in agreement with ( |5.38| ), which we computed by going through 
the m basisH. We should point out that the factor 1/Vconf in (|5.38| ) is absent in ( Pi!.18|) . 



Thus the definition (|E.1|) includes the rescaling $ ^ $ = Vconf^ that we performed for 
the long string. 

E.3. Worldsheet two point function 

To compute the two point function with spectral fiowed operators, we start with the 
four point function with two insertions of spectral fiow operators, say = = k/2. The 
KZ equation and the null state conditions imply that ji = j^- To see this we notice that 
the four point function should be symmetric under 2 4, leaving 1 and 3 unchanged. 
This changes z^l — z,x^l — x. Taking into account also the prefactors, we find 

Ai-A3+ji-j3 ^\ ji-j-i 



4pt(l,2,3,4) 
4pt(l,4,3,2) 



1 



X 



X 



(E.20) 



Demanding that this is 1, we find ji = 



Note that m in ( pTTol ) is -m in (|]39|). 

A solution with ji = 1 — js appears to come from a contact term for the four point function. 
In fact, the function z^"'^ (5^ (x — z) is a solution to ( [E.6D and ( E.7 ), withjs = 1— ji, and P = 1 — 2ji, 
which is the value that appears in the four point function equation when j2 = ji = k/2. (Note that 
5'^{x — z) is not a standard contact term, for x = zis not a coincidence limit of two operators. If we 
use the relation between the four point function Tsl{2){z-,x) in the SL(2,C)/SU{2) coset model 
and a five point function in the Liouville model, recently pointed out in jS^], one can interpret 
d'^{x — z) as a contact term coming from the coincidence limit involving the extra operator one 
inserts in the Liouville model. It would be interesting to find a direct interpretation of such a 
contact term in the 5'L(2, C)/5[/(2) model.) Inserting 2:^-'^(5'^(x — 2:) into the a; integral we describe 
below and doing the same change of variables, we see that we recover the term proportional to 
5{ji + j2 — 1) in the two point function. 
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Now let us apply (|E.1| ) to extract the two point function of the spectral flowed state. 
As we explained in the above, we expect ji = js from the null vector equations. In fact, 
the factor C{k/2 — ji, js, Ja) in (|E.14|) with j4 = A;/2 vanishes for ji ^ and is infinite at 
ji = J3. We can regularize the infinity by slightly modifying the spectral fiow operator as 
k/2 k/2 + ie. Indeed, in the limit e ^ 0, we recover the delta function enforcing ji = J3, 



'k k^ 

C ( - -ii,j3, 2 ) = '^^ dependent coefficient) x 6{ji - js] 



Thus the four point function in this case reduces to 

{^j{xi, Zi)^k/2{X2, Z2)^j'ixs, Zs)^k/2{X4, Z4)) 



(E.21) 



^42^31 Z-' {1 zy X 



-k -2j/ _ X 
42 ^31 \^ -^l 



-2j 



B{mj-j' 



(E.22) 



where we ignored a k dependent overall coefficient. Now we set xi = wi +X2, X3 = W3+X4, 



multiply by \wi 



|2(i-mi-l) 



2{j mz 1)^ g^j^^ integrate over wi and w^,- It is convenient 



to introduce new variables ui and defined by Wi = X42'Ui, i = 1,3. The integrated 
correlation function becomes 



/ d^Uid^U2 



j -mi -1 J -7713-1 



{U1U3 - z{usi + 1)) 



-2j 



(E.23) 



where we set z = in the term with (1 — ^) since we are going to be interested in the small 
z behavior of ( Pi!.22| ) . Here we omitted the standard factors of X42 and Z42 ■ It is convenient 
to change of the integration variables as ui = y/sy , = y/sy~^ . After rescaling s — zt, 
we find that ([E.23|) goes as 



.i(mi+m3)|2y ^2^^2^ |^ 



m3— mi — 1 1 2 



gj-\{mi+mz)-l 



(s + v^(y - 2/-1) - 1) 



-2j 



(E.24) 



Since we are interested in the leading term in the z expansion, we set z = in the last factor. 
The integral over y then gives 5'^{mi — ma), and the integral over s gives a combination of 
Gamma functions, 

7(2j)r(l-i + mi)r(l-j-mi) ^ ^ 

Combining this with the factor B{j)S{ji —js) in ( pii.22| ), we have reproduced the expression 
for the two point function in (|5.13| ). 
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Finally, let us note that, instead of the definition ( |E.1| ), we could also define the 
spectral flowed operator via 



hmy^-^y^-'- / rf^ee"^-^e^-^$,(x + y, z + e)$fc/2(x, (E.26) 



for J = m + ^. Instead of integrating over y, here we are taking an integral over e. In 
this definition of the fiowed operator, the expression is manifestly local in x. On the other 
hand, the definition ( [E.l| ) is manifestly local in z. In order to show that the two definitions 
are equivalent, we note that the relevant part of the correlation function behaves as ( [E.9|) . 
Then, with the previous definition in ( [E.l|) , we find that the spectral flowed correlator goes 
as 



w 



-2j-V\2 



(E.27) 



after we rescale w —>■ zw and taking the z limit. Similarly from (Pi!.26|) , we obtain 



-2j-V\2 



(E.28) 



after rescaling z = xt and and taking the x ^ limit. We see that after the change of 
variables t = 1/w, the two integrals becomes the same. This shows that the two definitions 
( PH.ll) and ( Pi!.26|) give the same results in general. 



E.4- Target space two point function 

Let us turn to the target space two point function for the state with w = 1. We apply 
the method used in Appendix A for w = and use the Ward identity to determine the 
normalization of the two point function. We start with the following identity for the three 
point-function. 



in 



1 - i)|^3fy^(nta(-i'-i)^r)r(-2'^2)^i(^^ 



+ 



1 



Z3 - Zi 

1 



{z-i - Z2) 
(Xi - X3 



2 a / k 



(E.29) 



+ 



+ 



Z2, - Z2 



[X2 - a;3 



2d k 



Ji,j 



J2,J2 



(X2, Z2)^l{x3, Z3)). 
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We then have to compute the three point functions in the right-hand side of this equation. 
We start with the expression for the 5 point function with two spectral flow operators, 
obtained in pO|] , 



where 



($fc/2(xi, Zi)$fc/2(X2, Z2)$ji(2/1, Cl)$j2(2/2, C2)$l(y3, Cs)) 

= BUi)BU2)C Q - ji, I - J2, l) X (E.30) 



^ _ {xi- yi+i){x2 - yi+2) {xi - yi+2){x2 - Vi+i) (E31) 

(Zl - Ci+l){z2 - Ci+2) {Zi - Ci+2)iz2 - Ci+l) ' 



We have neglected the z and ( dependent factors. When ji = J25 the factor B'^C in ( [ETc 
is equal to B{ji) up to a /c dependent factor as 

cf^a-^.lU .fi^f.- 1 (E.32) 



2 '2 ' ; 27rV'=-2j7(^f5i)G'(l + 2j-A;) V 27r 7 B{j) 

We apply ( [E.l[ ) to ( |E.30| ) and integrate over Ci and (2- It is convenient to set xi = 
zi = 0, X2 = Z2 = 1, Vs = Cs = 00, 2/1 = wCi, 2/2 - 1 = ^^(C2 - 1) and take Ci, 1 - C2 to be 
small. In this limit we find 

Hi — 1 — V , fi2 — i — u , fxs = uv — 1 (E.33) 

The integral we need to evaluate, in order to compute is then 

(E.34) 

\{u - iy'-^^-\v - iy^-^^-\uv - 1)^-^1 -^'2 12. 

Let us consider the case of the long string. We then have ja = 1/2 + is2, and the 
integral gives a delta- function singularity at si = S2 coming from the region of the integral 
of u ~ 1 or f ~ 1. The term proportional to the delta- function can be evaluated as 

S{ji-j2) ( [ du^u^'-'^'-^u^'-'^'-^\{u - + {mi,mi ^ m2,m2)j 

= S{ji-j2) ,^ . . —- ■ r—- ■ , _ ^ + (mi, mi ^ m2,m2) 

7(2ji) Vr(l - Ji - TOi)r(l -31 + mi) 
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Since ^ 

the delta-function d{si — S2) together with the condition hi = /i2 in the internal CFT 
implies Ji = J2 and therefore mi = 1712- The correlator multiplying the double pole term 
in ( [bil.29| ) then gives 



|2 



1 ( -ji-m \ V{ji-m)V{ji+m) (E.37) 



lU) \ji-m-l J r(l - ji - m)r(l - ji + fn) 
^ -j N 1 2m + 1 r{ji - m)r{ji + m) 

^ ^ lUi) ii - TO - 1 r(i - ji - m)r(i - ji + m) ' 

On the other hand, the correlator multiplying the single pole term in (|lii.29D gives 



2mi + r(ji - mi)r(ji + mi) 
7Ui) r(l -ji -mi)r(l -ji + mi) 

We combine them with ( Hil.32| ) and multiply by the correlation function {(j)h{zi)(j)'^{z2)L{z^)) 
in the internal CFT, as we did in Appendix A, to compute the on-shell three point function 
involving the target space R-current. We find 

{{^';f^'\xi,Zi^H{zim''jf^'\x2.Z2)M^^^^^ 

\ f Qi ^ 02 

T{ji - m)r(ji + m) B{j 



^U-j.-^Pbai P I xq - xi xq - xq / ^ (E.39) 



-32) 



7(ji)r(l - ii - m)r(l - ii - m) \xi2\'^J 



where gi and q2 are the R-charges of the two operators. From this, we find that the 
spacetime two point function of ^^'^^'•'(ph is -y( )r(^i i )r\1^-^^^ ) ^ 0"i ) • 
have the extra factor of (2j — 1) for the long string. 
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